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BBEAEHUE

O06BbeKTOM WMCCJIeIOBAHUS SBASIOTCS PEAYKTUBHBIE I'DYIILI ¥ XX HEIPUBOAVIMEIE IIPEA-
CTaBAEHUS HaA IPOU3BOABHBIM KOMMYTAaTUBHBIM KOABIIOM, MPEJIMETOM HCCJIEJOBAHMUS SIBAS-
€TCsI UX CTPYKTypa u cBoiicTBa. Ileap mcciaenoBaHust 3aKAI0OUAETCT B KAACCUUKAIIIY BCEX
HAATPYII SAEMEHTAaPHBIX IIOATPYII PEAYKTUBHBIX I'DYII B HEIPUBOAUMEIX IIPEACTABAECHUSX.

AxTyanpHOCTh TeMbl. Ha ocHOBe KaaccumpUKaIIny KOHEYHBIX IIPOCTHIX I'Pynn B 1984 roay
Maitka Ambaxep [36] Aokasan Subgroup Structure Theorem, KoTopast yTBEP/KAAET, ITO KaXKAAST
MaKCUMaAbHasl IMOATPYIINIa KOHEYHON KAACCUIECKOR IpynIbl AnOO IIOIIapaeT B OAUH U3 BOCBMU
SIBHO OIIMCAHHBIX KAacCOB C—Cg, AMOO0 IBASIETCS “TIOYTH’ IPOCTOR I'PYIIIOE B HEKOTOPOM HEIIPU-
BOAKMMOM IIPEACTAaBAECHUY, II0Iaaast B Kaacc S. VI AeOAOTrUMIO ITPOEKTa U UAEN AOKA3ATEABCTB MOXK-
HO TaK>Ke HaliTu B ero o63ope [37]. [To3>ke, UCIOAB3Ys Teopuio arrebpanwdecKux rpyni, MapTun
Aubex u ['spy 3aitTi IpeprOKUAAT FOPa3A0 Boaee IPOCTOE AOKA3ATEABCTBO 3TOM TEOPEMEI [77).

B TeueHVU OCAEAHUX AECATUAETUN MHOTHE UCCAEAOBATEAU U3YUaAU IOATPYIIEl TPYII U3
KaaccoB Ambaxepa. OpHaAKO, IPAaKTUUECKU BCE PE3YABTATHEI OBLIAM IIOAYYEHBI AAST HEKOTOPBIX
YaCTHBIX CAydaeB Ioael. Hampumep, B cayduae koHewHOro noas lIlurep Kaeiamarm m Maptun
JAubeK IOAHOCTBIO HCCAEAOBAAM MAaKCUMAABHOCTE IOATPYNI B KHUTE [66]. Poaskep Aait, Oausep
Kunur, [Tlagg>xer Ay 1 APyTHEe aBTOPBI AOKA3aAKU MaKCUMaABHOCTD IPYIII U3 KAaccoB Ambaxepa
AASI IPOM3BOABHBIX IIOAEN UAY OIIMCAAY WX HAATPYIIILI B TEX CAYYasTX, KOTAA OHU HE SIBASIIOTCS
MaKCHMaABbHEIME, cM. [51—53; 63—65; 69; 74; 75].

[lepBBle IIOIBITKY II€EPEHOCA PE3YABTATOB Ha CAydail IIPOM3BOABHOI'O KOABIIA OBIAW IIPEA-
IpUHSTH 3eHOHOM BopeBuuem m Hukonraem BasunoBeiM [3; 5] anst kaacca Ambaxepa C; + Cs,
Ha4yaB OOABIION ITMKA PaboT IO OIMCAHUIO HAATPYII OIPEAEAEHHBIX I'PYII M3 KAaaccoB Armmba-
xepa [7—12; 17—19; 30; 80; 88; 89]. CeroaHs paHHas IPobAeMa OCTAETCS OUEHD aKTYaAbHOM, YTO
TIOATBEP>XAA€TCST OOABINIIM KOAWYECTBOM HEAABHUX IYOAMKAIUM, IIOCBSIIEHHBIX 3TOMY KPYTY
3apa4. Aanee MBI IPUBOAMIM IIOCAEAHWE DPE3YABTATHI, ITOAYUEHHEBEIX B 3TO# obaacTu. Mbl pe-
KOMeHAyeM 0630pH! [7; 20; 97|, KOTOpEIE COAEPIKAT HEOOXOAMMEIE IPEABAPUTEABHBIE CBEACHUS,
TIOAHYIO UCTOPUIO ¥ AAABHEHIy0 bubamorpaduio.

C Touku 3peHus Maximal Subgroup Classification Project k ymomsimyToMy Kaaccy Amrbaxe-
pa C;+C, oTHOCHTCS oNIMCaHKe HAATPYIH subsystem subgroups. 9Ta obaacTb akTUBHO U3ydaAach
Anerceem CrenanoBrsiM, Hukoaaem BaBunoBeIM u ApyruMu aBTopamu [5; 22; 35]. Aast Kaacca Cg
B 2000-X ropax HaATPYIIBI KAACCHYECKUX IPYINI OBIAY IOAHOCTBHIO OIIMCAHLI CIEIINAAUCTAMY U3
nerepbyprexoit [17—19; 80] u HesaBucHMO KuTakickoi mroAa [98; 103—105]. B apanbHelimem pa-
6oTa 6bIAA IPOAONAIKEHA ANEKCAHAPOM J\y3rapeBBIM, KOTOPBIN IIOAYYUA aHAAOTUUHLIE PE3YAL-
TATBl AAST UCKAIOUUTEABHEIX rpynm [14; 15; 23—25|. V3y4enune Haarpynn rpynn u3 Kaacca Cs,
TaK Ha3bIBaeMoe subrings subgroups, Hadaaoch ¢ pe3yabraToB Hukronass PomarnoBckoro, SIkoBa

Hys>xuna u Aunbl SIkymeBud [26—28]. ITozsxke Anekceit CTemaHOB HOAYYUA (IIOYTH) OKOHYA-



TeABHEBIE PE3YABTATHI B 3ToM Kaacce: Aast GL, (R) u EO, (R) onucanme HaATPYII KaK IIPaBUAO
He cTaHAAPTHO [88; 89|, a Anast Spy(R), SO241(R) u rpyuns! LlleBaane Tumna Fy onucanuwe Bceraa
CTaHAAPTHO IIPU OIPEAECAEHHBIX IPEANOAOKEHUSX Ha KOABIO R, Takmx Kak 2 € R* [90]. Ans
Kraacca Cy+C; CyIIecTBYIOT AUIMH OTAEABHBIE PE3YABTATEHL, TaAKME KaK YaCTUIHOE OIIUCAHUE HaA-
I'PYIII TEH30PHOI'O IIPOM3BEACHUSI SIAEMEHTAPHEIX Py, cM. [1; 2]. HamomuuM, uTo Hap moareMm
onMcaHme HaArpynn TersopHoro mpousseperus SL, (K) u SL,, (K) caeayer u3 paborsr [TaHwKe
Am [73]. Aast kaacca C; onmcaHue HaATPYMII, ring extension subgroups, HEMMOBEPHO TPYAOEMKO.
AU AAST TTOAHOM AmHe#HHON rpynnsl [lag<w>kel A onmmcaa HaATPYHIIBL AAS IPOU3BOABHOTO
KOHEYHOT'O pacHImpeHusi nmoaet [70; 72|. Haa monreMm oH Tak’Ke OmmMcaA HAATPYIIBL TPYII U3
raacca Cy, HO He u3 C; [68; 71; 73; 76].

OTMmeTnM ellle OAMH TECHO CBSI3aHHBIA IIUKA paboT BaaauMupa [IaaTonoBa, AparoMupa Abo-
koBu4a, PobepTa I'ypanbHuka, Yuabsma YoTepxaysa u Apyrux [49; 50; 55—59; 81; 82; 102] o
HAATPYIIIax IIOAYIPOCTHIX TPYIII, KOTOPBIE BOSHUKAIOT B CBSI3M C linear preserver problems. B
3TUX CTATbSIX PACCMATPUBAIOTCA TaKWe 33AadM KaK ONMCAaHME HaATPYHII obpasa sneMeHTapHOHR
TPYIIEL B IPUCOEAVHEHHOM BAOKEHUU. AAST IIPOU3BOABHBIX KOAEI MHOTHE 3374y AO CUX IIOP
He PEIIeHE!, CYIIECTBYIOT AUIIL PE3YABTATEL AAS KAAacCUYecKuX moael, Takux kKak C uau R.

Crenenns pazpaboTaHHocTH IpobJemMbl. HacTosmass paboTa OTHOCHTCS K UCKAIOYNTENb-
HOMYy Kaaccy Amrbaxepa S, COCTOAINEMY M3 IIOYTH IIPOCTHIX I'PYII B HEKOTOPHIX abCOAIOTHO
HEIPUBOAMMEBIX IIPEACTABACHUSIX. AO CHX IIOP AAS IIPOU3BOABHBIX KOAEIl IPAKTUYECKU HET HU-
KaKUX PE3YABTATOB AAS 3TOr0 KAaacca. OTMETHM AUINE ABa CAMBIX TECHBIX HAIIPABAEHUS UCCAE-
AOBAHUSI, CBSI3aHHLIE C TEMO paboTwl. AAsT KOHEUHEBIX ToAel Bproc Kymepcreith pooKa3aa MaKCH-
MaABHOCTH HOPMAAU3aTOPA 3AEMEHTAPHOM IPYNIbl B GUBEKTOPHOM IpeACTaBAeHUY [45]. A anst
TIOAVBEKTOPHOI'O IIPEACTABAEHUS Hal aArebpardecKy 3aMKHYTHIM IIOAEM ONMUCAaHWE HAATPYIII
3AEMEHTAPHON I'PYIILI CAEAYET U3 PE3YABTATOB [apm 3aiiTiia 0 MaKCHMAaAbHBIX IIOATPYIIIIaX
KAACCUYECKUX aarebpawdeckux rpynm [42; 87].

Ucnonb3yembie meToabl. AAS ONMCAHUSI HAATPYIII UCIOAB3YETCSI OCHOBHAS CXEMa H3Y-
yeHusi, pa3paboranHas BaBunroBeiM u BopeBuuem. OapHAKO, TaK KaK MCCAEAOBAHUE OTHOCUTCS
K UCKAIOYUTEABHOMY KAaccy Amrbaxepa, TO HEOOXOAMMO IPUMEHSITh MOAUMDHUIIMPOBAHHLIE UAKT
Aa’Ke HOBBIE METOADBI K PEIIEHMIO 33Aa4X. B paboTe UCIIOAB3YETCsT METOA OOPATHOTO PA3AOKEHMS
VHUIIOTEHTOB, AeMMa YoTepxay3a o6 m3oMopdusMe arrebparmdecKux CXeM, METOA U3BAEUEHUS
HETPUBUANBHON TPAHCBEKIUY U3 IIPOMEKYTOYHOMN IIOATPYIIIIEI, OCHOBAHHBIN Ha IIOHSTUX 0bIIle-
T'O 9AEMEHTA U APYTHUE PE3IYABTATHI X METOALI TEOPUM IIPEACTABAEHUN U TEOPUU MHBAPUAHTOB.

Arnrpobarust pe3ysbTaToB. Bce OCHOBHBIE METOABI ¥ PE3YABTATHL AUCCEPTALNY SIBASIFOTCSI
HOBBIMY, CHaO>KEHBI ITOAPOOHBIMEU AOKA3aTEABCTBAMU K ONYOAMKOBAHBI B pedepPUPYEMEIX Ha-
YYHBIX >KypHaAaxX, YTO CBUAETEABCTBYeT 06 mx aocroBepHOCcTE [106—110]. B caywae paboT B
COABTOPCTBE aBTOP CTAPAACS IIOAPODHO M3AATATh TOABKO COOCTBEHHBIN BKAAA, HO, ECTECTBEHHO,

TaKO€ CTPOr'o€ pa3pEnCHUE HE BCETAA MOJXHO IIPDOBECTHU IIOCAEAOBATEABHO: B pa6o're [107] aBTOPY



npuHapAexaT TeopeMel 5-7, IOCBSIIEHHEE IOUCKY ypaBHeHui Ha cxemy A’ GL, u reomerpu-
YeCKO} MHTEPIpETaluy 3TUX ypaBHEHUH, a B pabore [108] aBTOpy IpMHAAAEXKAT PE3YABTATHI,
CBSI3aHHBIE C BEIYUCAEHUEM TPAHCIOPTEPOB X HOpMaAusaTopoB rpymn [IleBanne.

MeToaEl 1 OCHOBHBIE PE3YABTATHl AAHHON PabOTHI OBIAM IIPEACTABAEHBI B BUAE IIOCTEPOB U
TIAEHAPHBIX AOKAAAOB Ha CAEAYIOIIVX KOHMEPEHIIUIX:

e [TIxona—koudepennus “Aarebprl Au, arrebpardecKue I'PYINBl U TEOPUS MHBAPUAHTOB”,

2017,
e Modern Algebraic Geometry, [lexunckuit yauBepcutet, Kuraii, 2018;
e [ITrxona—koudepernus “Aarebper Au, arrebpandecKkue IPYIIbl X TEOPUS WHBAPUAHTOB',
2020.
ABTOp BBICTyIIaA IO TeMaTWKe AMCCEPTAIIUY Ha CEMUHApPaX:
e Anrebpawmueckuit cemmHap uM. A. K. @apaeeBa, [IOMU um. B. A. CreknroBa PAH, CaukT-
[Terepbypr, 2017;

e Anrebpaumyeckue rpymnnsl, CII6I'Y, Caukr-IleTepbypr, 2021.

Pabota HOCUT TeopeTHMHecKUii XapakKTep, €€ Pe3yAbTaTBEl MOTL'YT IPUMEHSTLCS B TEOPUU
AVHENHBIX aarebpardecKuX PYNI, IPY IPOBEAECHUY YIeOHBIX X HAYYHBIX CEMUHAPOB.

CrpykTypa padoTbl. PaboTa cOCTOMT U3 YETBHIPEX I'AAaB U 3aKAIOYEHUS. [lepBas raasa mo-
CBSIEHA BCEM TEXHUYECKU CAOKHBIM BBIUUCAEHUSIM, KOTOPLIE CBSI3aHEL C OIIXCAHUEM HAAT'DPYIII
AEMEHTapHLIX Ipynn. [locTpoeH HUIKHUYE yPOBEHD IPOMEKYTOYHON IIOATPYIIBI, BEIYUCAEHBI
HOPMAaAU3aTOPEL CBSI3HLIX IIPOMEXXYTOUYHLIX ITOATPYII. Bo BTOpO# raaBe MBI 06CyRAaeM CTPYK-
TYPY IOAHON AMHENHON I'PYINILI B IOAMBEKTOPHBIX IIPEACTaBACHUSX. B §2.1 HamoMuHaeM Heob-
XOAMMEBIE U3BECTHBIE Pe3yAbTaThI AAsi ortucanusi A" GL,, (_ ) uepe3 cTabuamsaTop MHOT'OYAEHOB
[Tartokkepa. B §§2.2-2.3 cTpoum muHBapumaHTHEIE popMEI, KoTophle 3apatoT A™ GL, (_ ). Hap, mo-
AeM AaHHBIE (POPMEBI KAACCHYECKU M3BECTHBHI. MBI AOKa3bIBaeM, YTO COOTBETCTBYIOIIAST T'PYII-
IIOBasi CXeMa I'AaAKasi, U3 Yero CAEAYeT, YTO IOCTPOeHHBIE (DOPMEI MHBAPUAHTHBI AAS IIPOU3-
BOABHOT'O KOMMYTATHBHOT'O KOABIIA. VICIIOAB3YS 3Ty MA€H0, B §2.4 MBI OIMCHIBAEM HOPMAaAU3ATOPD
9AEMEHTAPHON IOATPYIIIEI.

TpeTbs rAaBa COAEPKUT PE3YABTATHI, CBI3aHHLIE C PA3AOKEHNEM YHUIIOTEHTOB U €T'0 Bapu-
anuit. AoKa3aHbl TEOPEMEL CTAOMAM3AIINY, IIOCTPOEHBI HECKOABKO CEPUM ypaBHEHUHN, 3aAaf0ITIX
IIOAHYIO AMHEWHYIO I'DYIIY B IOAMBEKTOPHBIX IIPEACTABAEHUSX, & Tak’Ke pa3paboTaHa maes
0bpaTHOIO Pa3AOKEHUST YHUIIOTEHTOB.

B uerBepTOif rAaBe Pa3BUT HOBBIA METOA, IO3BOASIONIVY U3YYUTH PEIIETKY IOATPYII B
rpyumne llleBanne, copepskamux obpa3 dAeMEHTAPHON IOATPYIIEI HEKOTOPOH# APYIOM I'DPYIIIBLI
[IleBanrne. IlpeacTaBACHO IPUMEHEHYE 3TOI'0 UHCTPYMEHTA AAST 3aAaUU AUCCEPTAIINU.

Hakomner, B 3aKAI0UE€HNY TPUBOAUTCS ONIUCAHNE OCHOBHBIX PE3YABTATOB, KOTOPLIE BHIHOCSAT-

Cd HaA 3alIUTy, a TaK)X€ OIINCHEIBAIOTCA AaABHefILTIHe HaIIpaBAE€HUS UCCAEAOBAHUSA.



1. OYHAAMEHTAABLHLIE [IPEACTABAEHUSA [IOAHOM AMHEVHOW T'PVYIIIIHI

1.1. OcHoBHBIE 0O03HaYeHNs. Ha mpoTsi>keHuu BCeW paboThl HaM IOTPEOYIOTCS CAEAYIOIITE
6a30Bble 0603HAYEHUSI, KOTOPHIE IOAHOCTBIO CTAaHAAPTHLI B KOHTeKCTe rpynn LlleBanne.

[TycTs BHavane G — mpowsBoabHas abcTpakTHas rpyunmna. Iloa [x,y] Mer Bcerpa 6yaem mo-
HUMAaTb A€60HOPMUPOEAHHBLY, KOMMYTAaTOP 3AEMEHTOB X ¥ |, TO ecThb [x,y] = xyx 'y~', rae
X,y € G. KpaTHble KOMMYTaTOPBI TaKXe OYAYT AE€BOHOPMUPOBAHEL [X,VY,z] = [[x,yl,z]. Bel-

pakeHme Xyx |

KpaTKo OyAeM 3aluCBIBaTh ‘Y U HA3BIBATb /NE€68bM CONPANHCEHHBIM K Y IPH
oMoy X. AHaAOTMYHO, BEIPa’KEHUE X 'YX 6YAEM Ha3EIBATD NPASHIM CONPANCEHHDBIM K | TIPH
oMoIIu X # 0603Ha9aTh Kak Y*. [[paBhIM CONPSKEHHBIM K | IIPX TOMOIIHX X UAK X | 6yaeM o6o-
3HaYaTh Kak Y= *. B panbHeltmeM MBI 6yAeM ITOAB30BATbCSA TOXXAECTBOM X0OAAa—BuTTa, KOTOpOe

BBITASIAUT CAEAYIOIIEM ObpasoM:

1

Xy Lz P zx Ly Ty, 2 x T =

[Tycte X C G — moaMHOXXeCTBO rpynnsl G, roraa mop (X) 6yAeM IOHHMATh IOAIPYILILY
G, mopoxpeunyio X. Bripaxenme H < G nomumaercs, kak H — moarpynna G. Ecam H —
HOpMaabHasi noarpynma B G, Ttoraa 6yaem numcats H < G. B cayuae ecaw H < G, 3anuchk
(X)H osmavaer HamMeHBIIyIO MOArPYINy G, KOTOpas COAEPKUT X M KOTOPas HOPMAaAU3YETCS
H. IToa [F, H] aast aByx moarpynn F,H < G MBI MOHMMaeM uX B3auUMHBIN KOMMyTaHT: [F, H] =
([f,gl, tae f € Fh € H).

Temneps nycts E, F — aBe moarpynns! rpynnel G. TparcnopTepoM IOATPYIIE! E B moaArpynmy
F HasbIBaeTCcss MHO>XECTBO

Trang(E,F) ={g € G| E9 < FL.

Ha camom apene MBI B OCHOBHOM OYAEM HCIIOAB30BATh 3TO IIOHSATHE B CAydae, Korpa E < F, u
TOrAA

TranG(E,F) :{9 €eG | [Q)E] < F}

Taxk>ke HaM IPUTOASATCSI HEKOTOPBIE dAEMEHTApPHBIE 0DO3HAYEHUSI U3 TEOPHUU KOAell. [Ipea-
TIOAOKKM, YTO R IPOM3BOABHOE aCCOIIMATMBHOE KOABIO C epmHuIEei. [loa maeanrom I xoabma R
MEI BCeTAa 6yAeM NMOHUMAThL 08ycmoporHul upear u obosHaduaTsh 370 Kak | < R. Kak obbruHoO,
3anuch R* 03HAYaeT MyABTUIAMKATABHYIO IPYINY KOABIA R. MyAbBTUIAVKATUBHAS TPYIIIa MaT-
PUI] Hah KOABIIOM R Ha3bIBAETCs ITOAHON AMHEWHON rpymnmoi u obosuagaercss GL,, (R) = M, (R)*,
a crmenuanbHas AumHedHast rpymma SL,(R) sro moarpymma GLi,(R), copeprkalmasi MaTpUIBL C
onIpeAeAUTEAEM PaBHBIM 1. AAst Arobo#t marpuisl a € GL,(R) saeMeHT, cTosmuii Ha MecTe
(i,j), obosmagaercs a;j, rae 1 < i,j < n. AAs 3aImMCH 3AeMEHTOB 06PaTHOM MaTPHIILI a”! MBI

6yAeM IOAB30BATHECS CTAHAAPTHBIM 0003HAUYEHUEM ai’j = (a”! )ij, @ AAS j-oro cToAbna uAam i-oit
3.

CTPOKHK MATPHUIIBI A 6yAeM IIACATD Ay j W Q4 .



HamomuuM, 9TO e obo3HaYaeT eAMHMYHYIO MaTPHUILY, a €;; — CTaHAAPTHYIO MaTPUYHYIO eAU-
HUITY, TO €CTh MaTPUILY, ¥ KOTOPO# BCE SAEMEHTHI PaBHBLI HYAIO, 33 UCKAIOYEHWEM OAHOTO Ha
mecre (i,j), KoTopelit paBeH 1. DaeMeHTapHOH TpaHCBeKIMeil t;;(&) Ha3bIBaeTCS MaTpuUla BUAA
t;(E) = e+ &gy, rae 1 <1 #j < n, & € R DaeMeHTapHEIE TPAaHCBEKIUN 06AMAIOT CAEAYIO-
IIXMU XOPOIIO W3BECTHBIMU CBOMCTBaMu, cM. [91]:

(1) TpaHCBEKIINK AAAUTHUBHBL II0 aPI'yMEHTY:
ti;(E)t;(0) = (& + Q).
(2) oHE yAOBAETBOPSIIOT KOMMYTAIIMOHHONK dpopMmyae [1leBanrne:

e, ecan j # hyi #Xk,
[ti (&), thx (O] = 1 tix(£Q), ecam j = h,1i # Kk,
thj(—C&), ecamj#h,i=k.

[Toarpymnma E, (R) < GL,,(R), mopo>xaAeHHAsT BCEMU 9AEMEHTAPHLIMY TPAHCBEKIUSIMY, Ha3bI-

BaeTcs (abcoarommol) anemerHmapHoti nodzpynnoti IOAHOR AMHEHAHON I'PYIIIEL:
En(R) = <ti,j(£))] < i 7&) < Tl,a € R>

Tak xak mpu n > 2 rpyamna E,(R) abcoAOTHO HEIPUBOAMMA, TO ECTb AAAUTUBHO IIOPOXKAAET
M, (R), TO U3 3TOro A€TKO BEIYUCAUTE HEHTPAAU3ATOD dAeMeHTapHOU rpymnel Cy, (r) (En(R)) =
Re u Car, (r) (En(R)> = C.(R) = Ae, A € R* — menTp rpynnsr GL, (R). B wacTHoCTH, C(En(R)) =
. (R) — rpynma xopHeit u3 1 cTemeHr N B KOAbIIE R.

Temeps ompeAeArM HOPMAaAbHYIO MOATPYIIY dAeMeHTapHOU rpymnmsl E,(R), koTopas urpa-
€T KAIOYEBYIO POAb B BBEIUYUCAEHUY YPOBHS IIPOMEKYTOYHBIX IOATPYHII. AAS IPOU3BOABHOTO
upeana I < R paccmorpum moarpymmy E, (R, 1), moposkaeHHYI0 BCEMU 3AeMEHTAPHBIMYU TPAHC-
BekIusiMu ypoBHs I, To ects E,(R,I) siBAsieTcss HOpMaAbHBIM 3aMbIKaHumeM rpymmobl B, (1) B

E.(R). Takas rpymnmna HaseIBaeTCs (0mMHOCUMENLHOT) sAemeHMapHoT 2pynnol yposHA I:
EH(R) ) = <ti,j(£), 1<i#j<n, &€ I>En(R)-

B caAydae KoMMyTaTWBHOrO KoAblla R Teopema CycawmHa [33] yTBep)kpaer, 9TO Ipu N >
3 rpynma E, (R,I) mopMmanpHa He TOoABKO B E, (R), HO m B GL,(R). Kpome Toro mpm Tex
Ke MPEATIOAOYKEHISIX BepHO, uro rpymna B, (R, ) moposkaaercs saemenTamu Bupa zij(&, () =
(Ot (E)G(—0), tae T < i #j < n,& € 1,¢ € R Oror dakr pokasaru Anppeit Cycaun u
Meonup Bacepmreita B coBMecTHO# pabore [21].

Yepes R" obosHauuM cBobopHBI R-MoayAb. OH COCTOMT #3 CTOABIIOB C KOOPAMHATAMU U3
rKoabIla R. CraHpAapTHEIM 6asuc R™ obosHauuM ei,...,e,. Ilyctb P, — (cTramaaprHas) mapa-

BoamUecKasi MOATPYNIAa KOOPAMHATHOTO IOAIPOCTPAHCTBA (ej,...,en). OHA paBHa CTAbUAU-



3aTopy Stab(<e1,...,em>). Ee coupsixenmble Ha3bIBalOTCS IapabormugeckuMmum Tuna P.,. Aa-
Aee, mycTb U, — moarpymna P, IOpOXKAEHHAS 3AE€MEHTapHBIMU TpaHCBeKIusaMu ti;(§), rae
1<i<mm+ 1<) <n& € R OHa Ha3bIBaeTCS YHUIIOTEHTHBIM papukasoM P.,. OueBuaHO,
gyro U,, — HOpManeH u abenes.

Yepes [n] mer 6yaem obo3HavaTh MHOXKeCTBO {1,2,...,n}, a uepes A" [n] BHeLIHIO CTENEHDb
MHOXXECTBA [N, 9AEMEHTBI KOTOPOr'0, ECTh YIIOPSIAOUYEHHBIE MoAMHOXKeCTBa | C [n] MomHocT: M

6e3 ITOBTOpPEHMIA:

A" ={(i1,12,...,1m) | i € In]}.
M&1 6yA€eM UCIIOAB30BATh AEKCUKOrpadpUIecKnil MOpsiA0K Ha MHOXKecTBe /A" [n]: 12...(m—T)m <
12...(m —1)(m+1) < ... Obpraso mer mumeM mHAeKC | = {{j}; B BospacTarmem mo-
piaake, 11 < i < ... < iny. 3Hak sgn(l) mmperca I = (i,...,1,) paBeH 3HaKy IEepPeCTaHOB-
Ku, orobpaxkaromme# (ir,...,1;) B 3TO K€ MHOXXECTBO B BO3PACTAIOIIEM I[IOPSIAKE, HAIIPUMED,
sgn(1234) = sgn(1342) = +1, mo sgn(1324) = sgn(4123) = —1. Boaee TOro, MBI OIpeAe-

AMM 3HaK OT ABYX Il€peceKaloIMXcsi WHAEKCOB I, ] caepyromum obpasoMm. Ilycts I N ] = K,
toraa sgn (1, ]) := sgn(KI, KJ) sgn(I — KI)sgn(] — KJ), rae mepBblit 3HaK 110 OIPEAEAEHUIO pa-
Bex sgn(l,]), a mOCAeAHUIt ABa OIPEAEASIOTCS AaHAAOTMYHO OBEIYHOMY 3HAKy KaK KOAMYECTBO
TPAHCIIO3UIINH B IIepeCcTaHOBKE MHAEKCOB | U | B MHAEKCHI KI u KT COOTBETCTBEHHO. Hampumep,
sgn(1235,1246) = sgn(35,46)(+1)(+1) = —1, a sgn(1235,1346) = sgn(25,46)(—1)(+1) = +1.

MEI pacIizpuM OIpPEAEAEHUE 3HAKA A0 MYABTUMHOMKECTB, MOAOXKUB Sgn(iy,...,im) = 0, ecanm

cpeau Habopa iy,. .., i, €CTb OAMHAKOBBIE YMCAA. AASI IPOM3BOABHOrO MHAEKCA | = {i1,...,1,} €
. N . . -1

A"[nl, {i1,...1p,...,im} ByseT obosmavare mHAEKC I N1, € A" [n].

Haxomer, nycTs R — KOMMyTaTUBHOE KOABIO, N > 3 m m < n. Yepes N wmwt 6ydem 0b6o-
3HaUams bUHOMUANLHBITL KoIPPUuLUeHMm (;‘1) B panbHeIIeM MBI UCIOAB3YeM 0DO3HAYEHUE
t1j(&) Anrst saaeMeHTapHOM TpaHcBeKIuuy B rpynne Ey(R). Meaekce I, ] 6yaem mucaTs 6e3 ckobok
B BO3PACTAIOIIEM IIOPSIAKE, HAIIpUMeD, TPAaHCBEKIU t1;13(&) paBHA MaTpuIe, y KOTOPOi CTOST

€AMHUIIL HAa AMAroHaAu u & B mosmmuu (12,13).

1.2. BHernrHue creneHu 3jieMeHTapPHbBIX TPyIII. [lycTb R — KOMMyTaTUBHOE KOABIIO C 1, N >
3 1 R" — cBo6oAHBIN R-MOAYAB CO cTaHAAPTHEIM 6azucoM e, 1 < 1 < n. Yepes A"R" obosrauum
YHUBEPCAABHBIN OOBLEKT B KaTErOPMY 3HAKOIEPEMEHHBIX M-AMHENHBIX oToOparkeHumit R™ B R-
MopyAZ. B xagectBe A" R™ MOXKHO B3sITH CBOGOAHBL MOAYAB parra N ¢ 6asucom e, A\.../\e;, ,
el <41 < ... <ip <1, 1T <m < n. Tem He MeHee MBI TaK>Ke ONPEAEAUM Oa3MCHBIE
3AEMEHTHI e, /\.../\e;j,, AAs Aroboro Habopa iy, ..., 1, CAeAyIOmEM 06pa3oM: eq(i;)/\. . . \eg(i,) =
sgn(o) e, /\.../\ e, AAT AI0DOI IIEPECTAaHOBKY O B CUMMETPUYECKOR IPyIIe Sp,.

Danee past kaxxporo m omnpepaeauM A” kak romomopdpusm u3 GL,(R) B GLy(R), 3apaHHEL
IO IPABUAY

A" (g)(e;, A...\ei,):=(ge,) A...\(gei,)



MAST BCEX €j,,...,€;, € R"™ Takum obpasom B 6asuce e;, 1 € A"[n] marpuma A"(g) cocrouT u3
OIIPEAEAUTEAEH M-0Tr0 IOPSIAKA MATPHUITLL g, AEKCUKOIPAMUIECKY YIIOPSIAOUEHHBIX II0 CTPOKAM
¥ CToADITaM:

(A"(9)) = Al (g).

AN(g)) =
( 9 )1,] - (1 yeenyim )y (1 yeemrjm)

Tak xak A\": GL,(R) — GLn(R) ssBAszeTCst roMOMOPH3IMOM, TO MBI OIPEAEANAL IIPEACTAB-
aenme cremeHn N rpynnel GL, (R), KoTopoe Ha3bIBAETCS M-8EKMOPHBIM NPEOCMABAEHUEM UAK
m-vm PyHoamenmarvroim npedcmasaeruem (NpeocmasieHuem co CMaAPUUM 8ECOM Dy, ).
Obpas 3Toro AeCTBUSI Ha3BIBAETCS M-0i BHemHel cremenbio rpynnel GL, (R). Tak kak E, (R)
noarpymnma GL,(R), To BHeIIHSISI CTeNeHb SAEMEHTAPHON I'PYIIILI TAKXKE SIBASIETCS KOPPEKTHO
ompepeAeHHON rpynmoi. Caeayomast AeMMa SIBASETCS SAEMEHTAPHBIM CAEACTBUEM TEOPEMBI

Cycauga:

Jlemma 1. Obpas snemenmapHot, epynnsv. HoOpmaser 8 obpasde NoaHoU AUHETUHOT 2pynnvl

no0 deticmeuem 20MOMOPPUIMA 8HEUHET, CNENEHU:
A" (En(R)) < A™(GLn(R)).

Ormerum uTo A" (GLn(R)> me coBmapaeT ¢ A" GL,(R) AAS IPOM3BOABHEIX KOAell. [lepBast
rpymnmna 3To obpas MOAHON AMHEHHOM I'PYHIBI IOA Ae#cTBHEM romMoMopdmama Buue—Kormu:
A": GL,(R) — GL(:J (R), B To BpeMsi KakK BTOpasi 3TO I'PyIa R-TOYEK T'PYIIIIOBOM CXEMEI
A" GL,,. Tak Kak snuMopdu3Mbl aATebpandecKuX IPYII Ha TOYKAX HE CIOPbEKTUBHEI, TO AAS
roaer rpymma A" GL, (R) crporo 6oasre, uem A™ (GL,JR)). Kak MBI IIOKa>XeM B T'AaBE 2, dAE-
MmeHTH A" GL,,(R) o mpesxHeMy SIBASIIOTCSI 06pasaMy MaTPHIl, HO KO3(PUIMEHTEI He U3 CaMO-
T'O KOABIIA, a U3 KAaKOT'O-TO €r0 PacCIIUpeHus. 10 eCTb AAS AI0OOI0 KOMMYTATHBHOT'O KOABIIA R
anemenTsl § € A" GL, (R) mpeacraBasitorcs B Bupe § = A\'g, g € GL,(S), rae S — kakoe-To pac-
mupeHue KoAbIla R. MBI oTcEIAaeM duTaTenst K pabore [16], rae AQHHEBIR BOIPOC GBIA PACKPEHIT
B IIOAHOY Mepe.

Chaepyiolias xapakKTepu3alusi SA€MEHTAPHOR I'PYINLI UI'PAET KAIOUEBYIO POABL BO BCEH pa-
6ore. OHa BBITEKAET U3 Honee 0OIMIMX pe3yAbTaToB DHTOHUM Baka, Py36m Xaspara u Hukonas
BaBunoBa cum. [38; 39; 60]. SaMeTuM, 9TO B yKa3aHHBIX paboTax B SIBHOM BUAE CAEAYIOIIUI
pe3yAbTaT He (POPMYAUPOBAACST, HO OH CPa3y IOAYYAETCS U3 CYIIECTBOBAHUS HUABIOTEHTHOHR

dunrprpannur GL,(R).

Jlemma 2. ITycmv R — Hemeposo xommymamueroe koavuo, 1 > 3. Tozda 2pynna E,(R)

Asasemca nauboavuwiel cosepuerrot nodzpynnot 6 GL, (R).

ApyruMu cAOBaMHU, IAEMEHTAPHAS IOATPYIINIA IBASIETCS COBEPULEHHBIM PAOUKANOM TTONHOK
AmHe#HON rpynnel. OTKyAa Cpa3y BBITEKAET, YTO dIAEMEHTAPHAS IIOATPYIIIA BIIOAHE XapaKTepH-

cTudeckasi past Hereposrix koaer. OueBuano, uto Toraa 1 A™ B, (R) Toxxe 6yAeT cOBEpPIIEHHEIM
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papuraroMm GLy(R). B panpHednmeM, UCIOAB3YST UHAYKTUBHYIO CUCTEMY BCEX KOHEYHO IIOPOXK-
AEHHBIX IIOAKOAEIl B R II0 OTHOIIIEHUIO K BAOKEHUIO, MBI OYAEM KUCIOAB30BaTh 3TU (PAKTHL ANS

CBEAECHUS NHTEPECYIOIIUX HaC BOIIPOCOB K HeTepOBbIM KOABITaM.

Jlemma 3. ITycmo Ri,i € I — undyxmusernasa cucmema xoney. Toz0a
GLn (lim R;) = im GLn(Ri),  En(limR;) = lim E, (R;).

AAST TOAHOM AMHENHON IPYIIIIEL 3TO YTBEP KAECHUE 0OIIIEN3BECTHO, OHO BEITEKAET U3 TOTO, UTO
GL, aTo adbdurHas rpynmnoBas cxeMa. A Tak KaK dAE€MEHTAPHAs I'PYIIIa IOPOKAEHA IPYIIaMU
ToueK appUMHHEBIX TPYNIOBEIX CXeM Xj, TO AAs B, 3TO yTBEpXA€HME TaKKe BEPHO.

SameruM, uro A" E,(R) HOpMarbHa HE TOABKO B 06pa3e IIOAHOM AMHEHHOR I'pyIme, HO B

m o o
A" GL,(R). Carepyrommil pe3yAbTaT SIBASIETCSI YPE3BLIYANHO YACTHBIM CAydYaeM Teopemsl 1 pa-

6orsl Bukropa IlerpoBa u Anacracuu CraBposoit [29].
Teopema 4. ITycms R — xommymamueroe xoavuyo, n > 3, mozda \" E,(R) < A" GL,(R).

AN BHEITHUX CTeleHel ITOAHON AMHENHON I'DYIIIbl BHEITHUN KBaApaT UTPaeT ocoboe 3Ha-
yenre. Bo Bcex 3apavax, CBSI3aHHBIX C BLHIYMCAEHHEM HaArpym, HopMmaausaTopoB A E,(R) B
GL(:L)(R), [IOCTPOEHNEM WHBapUaHTHEIX dopM, 3apatomux rpynmy A" GL,(R) u MHOrMX ApY-
TUX, BHEITHUH KBaApaT BBITOAHO OTAMYAETCS OT obmiero caydasi. Bo-nepBBIX, AOKa3aTEABCTBA
TeXHUYIECKU CAOKHBIX YTBEP)XKAEHUY B 0OIIEM CAydYae WacTO SIBASIOTCS obiienmeM Gonee mpo-
CTBIX AOKA3aTEABLCTB AASI BHEIITHETO KBaApaTa, & BO-BTOPBIX, AASL BHEIHETO KBajpaTa BEPHBI
HEKOTOPHIE PE3YABTATEHI, KOTOPHIE HEBO3MOXKHO IIOAYYUTH AA’Xe AAS BHENIHEro Kyba UAU ADPY-
rux creneHeil. Hanmpumep, B paspene 3.1 MBI IOCTPOMM TPaHCBEKIUIO I,; € N E.(R), xoTopas
6yaeT CTabMAM3NPOBATH IIPOU3BOABHBIN CTOAOEIl MaTpPUILI g B GL(;)(R), IIpX 3TOM AaHAAOTOB
3TOU TPAHCBEKIUYU AASI APYTUX BHEIIHUX CTEIEHel He CYIIECTBYET.

[Tycte x € E,(R), Torpa sneMeHTapHBIMY BEIYACAEHUSIMY, OCHOBAHHLIMYU Ha TOMOMOPQU3ME

BI/IHG—KOI_T_II/I, BHEIIHSISA CTENEHD X MOXKET OLITH IIPEACTABACHA KaK IIPOU3BEACHNE SACMEHTAPHBIX

TpancBekuuit B By (R):

YrBepxkaenune 5. [lycms ti;(E) — anemenmapran mparceexyus e zpynne E,(R), n > 3.
Toz0a

/\mti,j (&) = H truiLoi(sgn(i, L) sgn(j, L)&) (1)
LeA™ i

onsa mobviz 1 <1#j < n.
AHaAOTHYHO MOXKHO IOAYYUTDH SIBHBIA BUA SAEMEHTOB Topa hg, (&) rpymmer A™ GL, (R).

YrBepxkaenue 6. [Tycmov di(&) = e+ (§ — 1)ey; — snemenmaproe ncesdoompasicerue,

1 <1< n. Toz0a sHewrss cmenens di(&) pasHa OuazoHasbHOU MAMPUUE, KOMOPAA OM-
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n—1

audaemcs om eourHuvYHoU Mampuydbl, pO6HO 6 <m71) nosuyuUAIT. A UMEHHO,

/\m(di(ti)) _ &  ecaui€el, @

1,  unawue.

B kawecTBe mpumMepa pacCMOTPUM /\3t1,3(£) = t124234(—&)tis235(—&)tias 345 (&) € N Es(R)

n N'dy(&) = diag(§,8,8,1,&) € A Es(R). VI3 aTux yTBEPKAEHUM CAEAYET, UTO A"t (E) €
(m?)
E\"

bonee ueM M aneMEHTApPHBIX TPAHCBEKIUH. 10 eCTh BBHIUET TPAHCBEKIIUU IES (/\mti,j( E)) paBeH

(R), rAe IO OIpEAENEHMIO Ka’KALIM dAeMeHT MHOXKecTBa EN (R) 3To mpomsseperme He
n—2

buHOMUANABHOMY KO3(DDUIMEHTY (mq)' HamomuuM, uro BhIYeTOM res(g) mpeobpas3oBaHUsS (

Ha3bIBAETCS PaHT § — €. KpoMe 3TOro AerKO CBS3aTh ompepeauTenb Marpunsl g € GL,(R) z

ompeaeauteab A" g € A" GL,(R), cM. pokasaTeabcTBo Teopemsr 4 8 [100]:

det A"g = (det g)“’l‘)'% = (det g)(:‘j).

1.3. TexHuka 3JIeMEeHTapPHBIX BbIYNCJIE€HU. AAS IPOU3BOABHON BHEITHEW CTENIEHW BBIYUC-
AEHUS C IAEMEHTapHLIMU TPAHCBEKIUSIMU BBITASIASIT I'POMO3AKO. B aToMm maparpade Mbl cu-
CTeMaTU3MPYyEM BCEBO3MOJKHBIE PAaCUEeThl KOMMYTaTOPa dIAEMEHTAPHON TPaHCBEKIIUY C BHEITHEH

TPaHCBEKIIUEN.

YrBepxkaenne 7. C mourocmuvto 00 0elicmsus CUMMEMPUHECKOT 2PYNNbL CYULLCTEYEM
MPU MUNAG KOMMYMamopos ¢ gurcuposarrolti mpanceexyued ty;(&) € En(R):
(1) [y () A"t =1, ecauig T ujgJ;
(2) [try(&), A",4(Q)] = t5(£CE), ecau aubo i € I, aubo j € J. X mozda I=NUj uu
T = J\j U1 coomeemcmeer+o;

(3) Bcauiel uj€ ], moeda svinosrero 20pa3do boaee caodxHcHoe PaseHcmeo:
[ty (&), A™t5,:(Q)] = ty;(£CE) - ty5(£CE) - ty5(£C%E).

SameTuM, YTO IOCAEAHEe PABEHCTBO BEPHO BCAKUM pas, koraa [\ i # ] \ j, B mpoTuBHOM
caydae MbI HoaydaeM [t;(&), ty(+C)]. DToT KOMMyTaTOP He MOXKeT OBITH IPEACTaBAEH B Hoaee

IIpocToit popMe.

1.4. Bpruucienue ypoBHs. [lycTe H — HaArpyna BHEITHER CTeNEHU dAeMEHTApPHON IPYIIbI
A" E.(R):
A" En(R) < H < GLn(R).

Paccmorpum ABa uHAeKca I, ] € A"[n]. Hepes A;; o603HaIMM MHOMKECTBO

Ay =18 € R[t(§) €e H} CR.
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ITo ompeaeneHNIO AMarOHaABHEIE MHOXKECTBA A PaBHEI BCEMY KOABIY R AAst Aroboro mHAEKCA
[. Nanee MBI AOKa’KEM, YUTO STU MHOKECTBA SABASIOTCS MA€AAAMU, TO €CTh OHM 0OPa3yoT CeTb
HAEANOB. A IOCAEAHEE YCAOBHE TAPAHTUPYET, ITO MBI IOAYYUM D-CETH B TEPMUHOAOTUY 3€HOHA

BopeBuua [4]. [lepBbIM IIaroM K OIUCAHUIO YPOBHSI SIBASIETCS CAEAYIOIIee HabAIOAEHIUE.

YrBepxkaenne 8. Ecau [IN]| = [KNL|, mozda mHoorcecmea Ay u Ax cosnadarom. Boaee

mozo, Ay — udeaan, 6 R.
Ho cmagana MBI poKaKeM boaee caraboe yTBEPKAEHUE.

JIlemma 9. ITycmo [, ], K, L — pasauunsie snemenmov. mroorcecmea N [n] maxue, wmo |IN

JI=IKNL =0. Ecaun > 2m, mozda mHodxcecmsa Arj u Ag cosnadarom.

Aoxasamenvcmeo nemmul. MHOKecTBa Aj; COBIapaloT, kKorpa 1U] durcuposano. OToT dakT
MOJKET OBITH AOKa3aH C IIOMOIIBIO TPETHLETO THUIIA KOMMYTHUPOBAHUM B YTBEpP)KAE€HUU 7 C ( U
—(. BEcam & € Ay, To Tparceekmus tj(&) € H. Toraa caeayromue ABa IPOU3BEACHUST TaKKe

npuHapAeRaT H:

[ty (£), A" t5:(0)] = ty;(£CE) - ty5(£CE) - ty5(£C7E)
[ty (£), A"t (— Q)] = ti5(FCE) - t5(FCE) - tyj(£C7E).

Taxkum obpa3oM, Ipou3BeACHUE IPABLIX YacTER B IIOAYUYEHHBIX PaBEHCTBAX €CTh tj j(iZCZE,) e H.
J\erKo AOKa3aTh, YTO MHOXKECTBO [ U | MOXXeT OBITH U3MEHEHO C IIOMOIIBI0 KOMMYTUPOBAHUN
BTOpOro Tuma. Hampumep, muoxxecTBO [; U J; = {1,2,3,4,5,6} MOXeT OBITH 3aMEHEHO MHOKe-

cteoM [, U J, ={1,2,3,4,5,7} crepyrommum obpasom:

[t123.456(E), N't67(Q)] = ti2357(E0).
]

Aoxasamesvcmeo Ymeepotcdenus 8. Paccyskpast Kax BbIIIE, MBI BUAUM, ITO MHOXKECTBA A
m Ag coBmapaioT B caydae IN] =KNL, peny=n—InJ[>22-m—-2-[IN]J|=2-m,.

B obmeMm cAydae MBI MOYKEM AOKa3aThb YTBEPYKAEHUE C IIOMOINBI0 KOMMYTUPOBAHUA BTOPOTO
¥ TPETHETO TUIOB. [IpmBeAeM IIpUMeED 3TOTO pacudeTra ¢ 3aMeHo# Habopa I N ] ={1,2} Ha Habop
{1,5}.

ITycTs t123124(&) € H. Tarum o6pasom, [t123,124(&), N't25(0)] = ti23145(—&C) € H. IIporom-
MYTHUPYEM 3Ty TPAHCBEKIWIO C AEMEHTOM /\3t5,2(C1 ). Torpa u ti35, 24(—C%EC) IPUHAAAERAT H,

7 mpousBepeHue 123124 (ECC) - tizs145(—1EC) € H. VI3 mocaepHETO BKAIOYEHUST MBI BUAMM, UTO

tizs,us(—CECQ) € Hum IN ] ={1,5}
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YrobsI AOKa3aTb, 9TO BCE AI»] 3TO MAEANEL B R, AOCTATOYHO IIPOKOMMYTHUPOBATH SAEMEHTAP-

HYIO TPAHCBEKLIWIO C BHEIHEY TpaHCBeKuek ¢ ( u 1:

tr(EC) = [ty (&), A"t5:(0), A" ty;(£1)] € H.
OJ

I[Tycte tj(&) — snemeHTapHAs TpaHCBeKIWsI. MBI OIIPEAEANM paccmosHue MEXKAY MHAEK-

camu | 1 | xak MoIIHOCTB IepecederHus [N J:
d(L,J) =[InJl.

OTa KOMOUHATOPHAST XapaKTEPUCTUKA UT'PAET TAKYIO JKe POAD, KaK (PYHKIINS paccTostHust d (A, |)
AAST KOPHEH! A ¥ |1 Ha BECOBOM AmarpaMMe CUCTEM KOPHEN.

C nomombio BBEAEHHOTO IIOHSITUS Y TBEPIKAEHUE 8 MOKHO IlepedppasupoBaTh CAEAYIOIIAM
obpazom. MuORecTBa Ajj I Ay COBIapaloT AASI OAHMX M TE€X K€ pacCTosHmit: Ap; = Ag =
Ajiry- IIpeamonosxum, ato d(I, J) boarme wem d(K, L), Toraa, ucmoaws3yst YTBep>KAeHUE 7, BEPHO
BRAROUEHME Ay < Ax L.

CyMMEDYS BHIIIEIPIBEACHHEIE apTYMEHTHI, MbI IIOAYIaeM FPAAAIMIO IACANOB:
AcZ2AZ2A 2.2 A0 2 A

YrBepxkKaenue 10. Hoeanwv, Ay cosnadarom oaa n > 3m. TowHee, obpamHoe exaroveHUE

Ar < Ay sepHo npu n > 3m — 2K.

Aoxazamenvcmeo. DTO YTBEP>KAEHUE MOXKET OBITH AOKA3aHO C IIOMOIIIBIO ABOMHOTO KOMMYTH-
POBaHUs TPEThEro THUIIA CAEAYIomMM obpasoM. IIycTs & € Ay, To ecThb TpaHcBekIus ty;(&) € H
ars d(I,J) = k. Ilo TperbeMy THIy KOMMYyTHpOBaHUsI C¢ TpaHcBekuueit A™tj;((), MBI HIOAY-
JaeM, YTO tm(j:CE) . tlj(iéci) € H. PaccmoTpyuM aHAaAOTMYHBIA KOMMYTATOP CO CIEIMAABLHO
nopobpanHo#t TpaHcBeKnuedt ty, 5, (&) € H m A™tj, 1, ({;) u moayduM, 9TO Apyroe IpouM3BeAeHUE
t, (£GE) -t .t (£(1€) € H. PuHaABHBIA MIar COCTOUT B KOMMYTHAPOBAHUAN ITOCAEAHUX IIPOM3-
BEAEHUI.

BBI60p TPaHCBEKLIXN OCYINECTBASIETCSI TAKAM 06pa3oM, 9TOOBI KOHEUHBIH KOMMYTATOD (IIEp-
BOHAYaABHOTO BUAA [ab, cd]) 6bIA paBeH 3AeMEHTApHON TPAHCBEKIUU. DTOT BEIOOP BO3MOKEH
6aaropapst ycaoBuio n > 3m — 2Kk.

[IpuBeaeM KOHKPETHBIA IPUMEP TAaKUX PACUETOB AAS CAyYast M = 4. OTU BBIYUCAECHUS
MOT'yT OBEITH AeTKO 0bobiiensl. [IepBhle Tpu IIara HUKE COOTBETCTBYIOT BKAIOUEHUSIM Ay < Aj,
A1 < A; 1 Ay < Aj cooTBeTCcTBEHHO. MBI IOAYEPKUBAEM, UTO UAEU AOKA3aTEABCTBA BCEX TPEX
IITarOB MOJIHOCTBHIO UAEHTUYHBLI. Pa3HUIA 3aKAIOYAETCS TOALBKO B BBEIOOpPE COOTBETCTBYIOIIUX

nHAEKCOB. Ml 3amensiem wucaa 10, 11, 12 6ykBamu «, f3, V.
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(1) Iycte & € Ay. PaccMoTpuM KpaTHBIH KOMMYTATOD

[[t1234,5678(5)> N'tsa(Q)], ftagap,123v(8), /\4ty,4(C1)]] € H.

On paBeH KOMMYTAaTOPY

[t1234,4567(—E&C) + t1238,5678(—CE),y tagp,1234 (EC1) - toupy, 123y (Ci1E)] € H,

KOTOPBIH SIBASIETCST TPAHCBEKIHEH tyoqp 4567(£2C1C) € H. B pesyanraTe, Ay < Aj.

(2) Ans & € A pacCMOTPUM aHAAOTHYHBIH KOMMYTATOD

[[t1234,1567(€), /\4t7,4(C)]> [t1489,123 (&), /\Atcx,4(C1)]] € H.

Taxum obpaszom,

[t1234,1456 (£C) - 112371567 (—CE), t1as9,1234(EC1) - tison23(—C1E)] € H.

CHoOBa 3TOT KOMMYTATOP PaBeH tiuge 1456(—&2C1C) € H, To ectb A1 < A,.

(3) Hakomer, oycts & € A,. PaccMoTpuM KOMMYTaTOp

[[t1z34,1256(5)>/\4t6,4(C)]> [ti248,1237(&), /\4t7,4(C1)]] € H.

OH paBeH KOMMYTaTOPY

[t1234,1245(—&C) - t1236,1256(—CE)y t1248,1234 (EC1) - 12781237 (=i E)] € H,

KOTOPLIA SIBASIETCSI 9AEMEHTAPHON TpPaHCBEKIIMENH t1243,1245(EZC1 () € H. Takum obpasom
Ar < A;.
O

Ms1 poka3aam, 9TO BCe MAEAABI A COBIAAAIOT IIPU AOCTATOYHO 6oabmmom M. OpHaAKO, cae-
AyIolllee YTBEP>KAEHUE ITOKA3LIBAET COOTHOIIEHWSI MEXAY MAearaMy HOe3 3TOro OrpaHUYEHUS.
HamoMH¥M, 9TO BBIYET res A060# BHEINHEH TPAHCBEKIUY IPU (PUKCUPOBAHHLIX (M, M) paBeH

bmHOMUANABHOMY KO3 PUIILEHTY (:;21)

YrBepxkaeune 11. Aas nabopa udeanos {Ag, ..., An_1} 6binoOAHEHDL CAedyrouLue COOMHO-

werus.”

Ay < Axyry, npun 2 3m — 2k
AcZATZ2A2 ... 2 An22 Any

res-Anm—2 <An_1.

,Z\,onaaamem;cmeo. HepBbIe ABE CEpUU COOTHOIIIEHU YK€ AOKa3aHkbl, II0O3TOMY HaM HeO6XOAI/IMO
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TOABKO IIPOBEPHUTH, UTO res-An 2 < Ap1. AASI 9TOrO CHOBa BOCIOAB3YEMCS TPETHUM THUIIOM
KOMMYTHUPOBAaHUS B TepPMUHAX Y TBEPKAEHUS 7.
[Iycte & € A2, TO €CTb AAST AIODOBIX MHAEKCOB I, ] ¢ paccrosmHumeM m — 2 TpPaHCBEKIUS

t1j(&) € H. Bamernm, uro ecan i € I,j € ], Toraa B KoMMyTaTOpE
[ty (£), A" 55 ()] = ty(£CE) - ty5(£CE) - ty5(£C7E)

TPAHCBEKIINUS tm(i (&) npunapaexuT rpynme H. AefcTBITEABHO, PACCTOSHIE MEKAY i= N\iYj
I/IT = J\jUi coBnapaer c d(I, J), mpu aTom d(i, J) = d(], T) = m—1. Takum o6pasoM Ipou3BEAECHUE
tyy(£CE) - t17(£CE) € H anst Beex mupexcos I, ] ¢ d(I,]) = m —2 u Bcex pasamunbx i € I,j € ]
Paccmorpum A"t1,(6C) € H, rae ¢ € R. Ilo ompepeaeHumio BHemHe# TpaHcBekmuu (1):
A"t12(EC) = T twunu2(&Q). AokasaTeAbCTBO COCTOUT B TOM, YTOOBI IIOCAEAOBATEABHO COKPa-
IaTh KOAI/ITIeCLTBO MHO>KUTEAEH B IpousBeAeHUH, yMHOKAsE Nty ,(E() Ha IOAXOASIINE TPaHC-
BEKITAN ti’](j:(‘,&) -tlj(j:CE) € H. B uTore ocraHeTcst aneMeHTapHas TPAHCBEKIUS tpy puz(CEC)
C PaCCTOSIHMEM MEXXKAY MHAEKCaMu M — | ¥ K03 PUIIMEHTOM C, PaBHBEIM (;‘1__2])
[IprBepaeM TIPUMEP TAKOTO PACCY>KAEHUSI AASI BHEIHErO Kyba 3AEMEHTApHOM TPYIIBI pas-
mepsocTu 5. IIycts & € A1, L € R, N't12(EQ) = t134.234(£0) 135,235 (£C) tias 245 (£C).
[TepBEIM ITaTOM PacCMOTPUM KOMMYTATOP [t13445(E), /\3t5)3(C)] € H. Kak MBI yKa3aAu BEIIIE,

TOrAa MATPHUA Z1 = t134234(—&EC) tias 45(EC) € H. Takum obpazom,

Nt12(EQ) - z1 = t135,235(E0) tas 245 (2EC) € H.

YT06OBI IOAYYUTH SAEMEHTAPHYIO TPAHCBEKINIO, PACCMOTPUM APYI'OM KOMMYTAaTOP

[t135,245(&), N'ta3(—C)] € H. Toraa marpuma z; = tiusus(E0)tiss5(—&C) € H. YMHOXRESB
Astlyz(EC) Ha 212, TIOAYYUM TPAHCBEKIMIO t145245(3&£C) € H. 3mauur 3§ € A,. O

Jlemma 12. Aas arobozo udeana A < R sepHo paseHcmeo
En(A)\ B0 = By(R, A),
20e no onpedeneruro En(R,A) = En(A)ENE),

Aoxaszameavcmeo. OUeBUAHO, YTO A€Basi YaCThb COAEPKUTCS B IIPaBOi. J\OKa3aTEABCTBO 06-
PaTHOrO BKAIOYUEHUS BhINOAHsIeTCsT mEAYKIuzedt o d(I, ]). ITo nemme Bacepmreitna—Cycauga [21]
AOCTaTOYHO IIPOBEPHUTb, YTO MaTpuua zij(§, () mpuHAAAERUT F = EN(A)/\m En(R) aAnst ATOBEIX
Ee A, CeR.

Baza mupaykuuum [N J| = m — 1. Toraa BKAIOUEHZE OYEBUAHO:

z15(&, Q) - tr(—&) = [ty,1(0), try(E)] = A", 4, (0), ti (&) € F.

Temepp paccmoTpumm obmmit caywait [[ N J| = p, To ects I = Kki...kpiy...iq =
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1...Kpj1...jq- AAST CAEAYIOUMX BEIYMCAEHME HaM IOHAAODATCS emle ABa MHOKECTBA
—k1 Kol eigmjqm W=k Kpdr s dg-1ige

Bo-mepBeIx, MEI IpeACTaBUM tyj(&) KaKk KOMMYTaTOp 3AE€MEHTAapPHBIX TPAHCBEKIINH,

z1y(& ©) =119 45 (E) =919 [ty (&), tyy (1))

Conpsirast apryMeHTbl KOMMYTaToOpa C IMOMOIIBI0 ty1((), moAydnM

[ty (CE)tLv (&), tyvi(—C)ty;(1)] = [ab, cd].

Aanee, MBI Pa3AOKUM IIPABYIO YaCThb IIPU IIOMOITY (POPMYALL
[ab, cd] = %[b,c] - *“[b,d] - [a,c] - “[a, d],

¥ 3aMEeTHUM, YTO IIOKAa3aTEAb O MOKHO OIYCTUTH, TaK KaK OH ImpuHaprexuT Ey(A). Temeps
HEIIOCPEACTBEHHEIE BHIUUCAEHUSI, OCHOBAHHBIE Ha KOMMYTAIIMOHHON dopMmyae IlleBanne, moka-

3bIBAIOT, 9TO

[b,c] = [tiv(&), tvi(—C)] € F (mo muA. mpea. Arst paccTosHES M — 1);
o, d] =0 [ty (£), tyy (1] = tuw (EC)tw(—EQ) - I\ baa 04, (£);
la,c] = [t]v(CE) tya(—0)] = tu(—C2E);
“[a,d] =179 [ty v (CE), tyy (1)) =

— tw(—EC(1 + EQ) Pty (—£0?) - N a0y (£0) - N ata 0z (<8, 1) €

(o mHA. mpeA. AAs paccTosiHuS p + 1)
TA€ BCE IPOM3BEAEHUS B IIPABBLIX JACTSIX IPUHAAAERKAT F. [l

CanenctBue 13. IIycmv A — npousgoavHuitl udean Koavua R, mozoa
A" En(R) : EN(R) A) =A" En(R) N (A)

Ilycte n > 3m, Toraa mpean A = Ajj Ha3bIBaeTCs yposHem Haarpynmel H. B caygae n < 3m
YPOBEHb OIpeAeAsieTcss HabopoM uaearoB. Hazsosem Habop (A, ..., A 1) 0Onycmumovim, ECAR
€r0 UAEAABl JAOBAETBOPSIOT COOTHOUIEHUSIM 13 YTBepkAeHUA 11. Toraa yposHem HaATPYIIIBL
H anast n < 3m saBasiercs pomycTuMblin Habop A = (Ao, ..., A _1). Cymmupyst Yreepsxaeuue 10

u AeMMy 12, MBI IIOAYYaEM CAEAYIOMUY Ba>XHBIA pPE3yALTAT.

Teopema 14 (Brraucaerme ypoBHs). [Iycms n > 3m, H — nodepynna e GLn(R), codep-
orcawsan \" En(R). Tozda cyuwecmeyem edurncmeenmnsiti Hauboavwul udean A < R maxod,
wmo

A" En(R) - En(R,A) < H.
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A umenro, ecau tij(&) € H das nexomopwixr I u J, mozda & € A.

B obmieM caydae KaXkAoOMy AOIycTuMoMy Habopy A coorsercrsyer rpynma EA™ E, (R, A) =
A" E.(R) - EN(R,A). OHa ompeaeasieTcss Kak MOArpyIma, nopoxkaensas A™ E,(R) u Bcemu sae-

MeHTapHBIMI TpaHCcBeKnusaMu tyj(&), rae & € Ay
EAN"En(R,A) = A"En(R) - (tj (&), & € Ayy).

Teopema 14'. ITycms n > 4, H — nodzpynna e GLyN(R), codeporcawan A" E,(R). Tozda

cywecmeyem cembd udeanos A maxas, 4mo
/\m En(R) ) EN(R>A) < H.

A umenno, ecau tij(&) € H daa nexomopwvix 1 u ], moada & € Ayy.

1.5. Hopmasmzatop EA" E, (R, A). B sToMm maparpade MbI OIAIIEM HOPMAAU3ATOP IPYIIIEL,

HOAY‘-IeHHOfI IIPU BBEIYUCACHUU YPOBHS, KaK HUJKHEEC OI'PAHUYECHNE AN H.

JIemma 15. ITycms n > 3m. I'pynna EA"E, (R, A) := A" E,.(R) - En(R,A) cosepwerra dasa

arobozo udeana A < R.

Aoxasameavcmeo. N\oCTaTOYHO MPOBEPUTH, YTO Bee obpasytomue rpymnsl A E,(R) - Exn(R, A)
IIPXHAAAERAT KOMMYTAHTY, KOTOPEIX MBI 0603Ha4uuM 3a F. AOKa3aTeABCTBO COCTOUT U3 ABYX
IIaroB.
o m
e Anst BHemHed TpaHcBekuum /\tij(() yTBEep)KAEHHE CAeAyeT M3 roMoMmopcdusMa Bume—

Kormmu:
N"ti5(0) = A" (Itin(Q)y tig (1)]) = [N i (€), At (1)].
o AAs 3/eMeHTapHO# TpaHCBeKIMH ti (&) yTBEpKAEHNE MOXKET OBITH IIOAYIE€HO CACAYIOIIIM
obpasom. IIpepnmonosxum, uro IN] = K = kj...ky,, tae 0 < p < m—1, To ectb | =
kKi.o..kpliooiigm ] = ky...Kpjr...Jq- Tak xe Kak B Aemme 12 OIpeAeAMM MHOXKECTBO

V= k] .. kp)1 .. -jq%iq- 1% TOr'Ad
try(&) = [ty (£), tyy (1] = [trv(£), A"t ()]

O

Anst mpeana A Koablla R mycte R/A obosHauwaeT ¢arTop-KOABIO. Ob603HAUMM dUepes
pa: R — R/A KaHOHWYECKYIO INPOEKIIUIO, AEHCTBYIOIIYIO II0 CAEAVIOUIEMY NIPABUAY. AAS
Afoboro saemenTa A € R: p(A) = A := A + A € R/A. TIpuMeHsIS IPOEKINIO KO BCEM 3AEMEHTaM

MAaTPUITLI, MBI ITIOAyIaeM TOMOMOPMU3M PEAYKIIUH:

pa: GL,(R) — GL,(R/A)

a — a=(ay)
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Sapo romomopduama pa obosmavaercst GL, (R, A) u HaseIBaeTcsa 2.4a68HoU (omHocumenvHotl)
roH2pysry-nodzpynnol yposrsa A. Ilycte C,(R) — mentp rpymmer GL,(R), cocrosiuii u3
CKaASIPHBIX MaTpull Ae, A € R*. Obo3HauuM HOAHBIA npoobpas merTpa GL, (R/A) moa AeiicTBU-
eM roMomopcduaMa pa depes C, (R, A). Takas rpynmna HasbIBaeTCA NoaAHoU (omHocumenvHol)
KoH2pYsHY-nodzpynnol ypoers A. 3amerum, uro rpynnel A" GL,(R,A) < CA"GL,(R,A),
A" GL,(R,A) u CA" GL, (R, A) sBastorcst HopMmarbHEIME B A" GL,(R). Aaree MBI coCpepOTo-

YUMCSI Ha M3YYEHUHU IOAHOro mpoobpasa rpymmel A GL,(R/A):
C A" GLn(R,A) = p3' (A" GLn(R/A)).

KA0ueBBIM MOMEHTOM B PEAYKIUY IO MOAYAIO MAEANA SIBASIETCS CAEAYIOIIASI CTAHAAPTHAS
KOMMYTaIlMOHHast (GOpMyAa, AoKaszaHHast NeoHuaoM Bacepinreiinom [94], SeHornoMm Bopesumuem

z Huronaem BaBuaosbiM [5].
[E.(R),CL(R,A)] = E,(R, A) AAST KOMMYTaTHBHOI'O KOABIIA R m 1. > 3.
Hakomreri, MBI TOTOBEL COOPMYAUPOBATE PEOYKUUI NO MOOYAI YPOBHA.
Teopema 16. ITycmv n > 3m. Aaa arwbozo udeasa A < R, sepro
Nary it (A" Bo(R,A)) = CA™ GL, (R, A).

Aoxasamenvcmeo. B pokasareabcTse uepes N obosHawaeTcs HopMaAu3aTop Napy (r)-

Tak xak EN(R,A) u GLN(R, A) HOpMaabsbIe oarpynnel B GLy (R), To

N(EA"E,(R,A)) < N (EA"E,(R,A) GLx(R,A)) = C A" GL.(R, A). (3)
%—/

A" En(R)En(RA)

SaMeTuM, 4TO IIOCAEAHEE PABEHCTBO OOYCAOBAEHO (PYHKTOPHAABHOCTHIO HOPMAaAU3ATOPA!

N (EA"Eq(R,A) GLn(R,A)) =N (p, (A" En(R/A))) =
pA' (N(A"En(R/A))) = py' (A" GLy(R/A)).

B gacTtHOCTH, UCHOAB3YS (3), MOAYIUM
[C /\m GLn(R’ A)) E /\m En(Ra A)] < E /\m En(R> A) C;LN (Ra A) (4)

C Apyroii cTopoHEI abcoaroTHO oueBuAHO, uTo B A™ E, (R, A) HOpMaAbHa B mpaBoit wacTu. Aeii-

CTBHUTEADBHO, AETKO AOKa3aThb CACAYIOIIIEE boaee CUABHOE BKAIOYEHINE:

[/\m GLn(R) GLN(R> A)» E /\m En(R3 A)] < E /\m En(R> A) (5)
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YT06BI IPOBEPUTDH 3TO, PACCMOTPUM KOMMYTATOP BHAA
[xy,hgl,  x € A" GLn(R),y € GLn(R,A),h € A"En(R), g € En(R,A).

Toraa [xy,hg] = *[y,h] - [x,h] - "[xy, g]. Ham HeobxopmMO AOKa3aTh, YTO BCE MHOKUTEAHU B
mpasoit yactu mpuHaarexar E AT E, (R, A). Bropo#t muoxutreas rexxutr B EA"E,(R,A). Ars

IIEPBOI'O KOMMYTaTOpPa MBI AOAJKHBI PAaCCMOTPETE CACAVIOIINE BKAIOYECHUA!

N6 R [GLy (R, A), A" Ba(R)] < [V GLy (R, A), VSN By (R)| < BA™En(R, A).

—GLN(RA) :A"?;n(R)

OaemerT h € A"E,(R), Takum o6pa3soM MBI MOXKEM €ro OIYCTATb B CONIpsDKeHumu. Tperuit

KoMMmyTaTop AexkuT B A" B, (R, A) 110 CAEAYIONIEMY BKAIOYEHMUIO.
[A" GLn(R) GLn (R, A), En(R, A)] < [GLn(R), En(R,A)] = Ex(R, A).
Teneps, ¢ ucnoawvzoBarueM (4) u (5), moryIuM
[CA"GL,L(R,A),EA"E,(R,A),EA"E,(R,A)] < EA"E,(R,A). (6)

YT0ob6bI IPIMEHUTDL TOXKAECTBO XOAAa—BuTTa, HaM HeobX0oAMMa HECKOABKO DoAee TOUHAST BEPCHUST

IIOCAEAHET'O BKAIOYEHNUA:
[[CA™ GLA(R,A),EA"Ey(R,A)], [CA" GL,(R,A), EA" E, (R, A)ll S EA"EL(R,A). (7)

ObpaTuM BHEUMAaHWE Ha TO, YTO 110 popMyAe (4) MBI y>Ke IPOBEPUAH, ITO A€BAST 4aCTh IIOPOK-

MAAeTCs KOMMYTaTOpaMH BHAA
[wv, [z,yl], tae w,y € EA"EL(R,A),v € GLn(R,A),z € CA" GL, (R, A).

OaHako,

[U.V) [Z) y]] == u[v) [Z) y]] * [u) [Z) y]])

ITo dopmynre (6) BrOopoit KomMyTarop mpuHaprexxutT EA™E (R;A), B To BpeMs kax mo (7)
mepBBI# KoMMyTaTop 3T0 3AeMeHT [GLn (R, A), En(R)] < En(R,A).

Temeps MBI TOTOBHI 3aKOHYHUTL AOKa3aTEABLCTBO. COTAACHO IIPEABIAYINEN AeMMe, TpyIIa
EA" E,.(R, A) coBepienHa, TakuM 06pa3oM AOCTATOYHO IIOKA3aTh, 4TO [z, [x,y]] € EA" E, (R, A)
anst Beex X,y € EATE,(R,A),z € CA" GL,(R,A). AefiCTBUTEABHO, TOXKAECTBO X0Ara—-BurTa
Y TBEPKAQET

1

[z, b, yll =z, x "yl - My, 2, x 71,

rae Bropoit koMmyTaTop npuHaarexxut E A" E, (R, A) mo dopumynre (6). Omyckasi conpsikeHue

mpu momomx x € BEA"E,(R,A) B IepBoM KOMMYTaTOpE U IIEPEHOCS] CONPSIKEHWE IIPU IIO-
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MOIIIX Z BHYTPHb KOMMYTATOpPa, MBI BUAKNM, 9TO OCTAaAOCH TOABKO AOKA3aTb IIPUHAANAECIKHOCTD

[x7", zl, [z,yly] € EA"E,(R,A). Ae#icTBUTEABHO,

1

(x" 2l [z, ylyl = [Ix ', 2], [z, yl] - Y [x 7, 2], y),

rae oba KoMMyTaTopa B mpasoil dactu npuHaparexxaT E A" E,(R,A) mo dopmyaram (6) u (7),
u 6oaee TOrO, CONPSATAIOUIMA IAEMEHT [z,y] B IPaBOM KOMMYTAaTOPE 3TO SAEMEHT TPYIIILI

EA" E.(R,A) GLN(R,A), u TakuM o6pazoM, mo dopmyae (5), Hopmarusyer EA™ E, (R,A). O
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2. HOPMAAU3ATOP BHEIIHUX CTEIEHEN

Chaepyst CTAaHAAPTHON CXEME OIMCAHUSI HAATPYIIN, TPeOYeTCs BBEIYUCAUTL HOPMAAU3ATOP
A" E.(R). B sT0if rraBe Mbl mokaXkeM, uTo oH paBeH A" GL, (R). B [16] aBTopel apoKaszaaw,
gro A" GL,(R) coBmaaaer co crabuamsaTopoMm uaeanra [larokkepa. OAHaKO, 3TOr0 HEAOCTATOYHO
AAST Hamed nmean. Ham HeobX0AMMO UCIIOAB30BATh APYyIue MHBapuaHTh AAst rpymnel A™ GL, (R),
HaIIpuMep, MHBAPUAHTHEBIE (POPMEI. AAS KAACCUYIECKUX M UCKAIOYUTEABHBIX IPYIII B ECTECTBEH-
HEBIX IPEACTABACHUSX Hap IPOU3BOABHBIM KOABIIOM 3TY (POPMEI XOPOIIIO U3BECTHEL, CM., HAIIPU-
Mep, paborsr [14; 15; 17—19|. Kpome Toro, HepaBHO 6bIA paspaboTad yHUDUIIMPOBAHHELE HoAee
obImuit moAXOA, CM. 3aMedaTeAbHYI0 pabory Ckuma [apubarbau m Pobepra I'ypaabHuka [54].
MBI Tak>Ke OTCHIAAEM 4dMTATEAST K paboTe [40], ocoberHO K paspery 4.4, rae aBTOP IOCTPOUA

Kybur4yecKue MHBapUaHTHEIE GOPMEI AAST TPyHIoBoi cxembr A" SL,.

2.1. Crabunusarop naeana Ilmokkepa. CHagana MBI HAIOMUHAEM BCE OCHOBHEBIE PE3YABTA-
ThI paboThl [16], Tak Kak OHU MOHAAODSTCS HaM AASI BEIYUCAEHUSI HOpMaAu3aTopa. MHOrodAe-
HbI [IATOKKepa MpeACTaBASIOT COb0M OAHOPOAHEIE KBaAPATUIHEIE IIOAMHOMEI 1) € R[XH]He A" ]
['paccMaHOBBIX KOOPAMHAT Xy. B 0bOIIEM CAyduae MHOTOYAEHBI [IAIOKKEpA MOYKHO IIPEACTABUTD

B CAEAYVIOIIEM BHAE

fiy= Y XX,
jEN

rae I € A" 'n] = ] € A" [n]. Yrober YTOYHUTL 3HAK CAATa€MBIX, PACIIVPUM OIIPEAEAEHUE
['paccMaHOBEIX KOOPAMHAT CAeAyIOmuM criocoboMm. Ecau cpepam Habopa iy,. .., 1, €CTh OAUHAKO-
BbI€ YUCAQ, TO Xi, i, = 0, MHaYe Xi, i, = SEN0(i1,...,1m)X{,. i,,). TaKuM o6pasoM, MHOTOYAEH
[InroxkKepa ecTb
fiy = Z(_1 )hxh edme IR X1 gt *
h=1

Vaean IMatorkepa Plu := Plu,, < R [xl e A [n]] II0 OIIPEAEAEHHIO TOPOXKAEH BCEMH COOT-
HomenusaMu [Iatokkepa fi; = 0.

B panbHeHIEM AAS MAAIOCTPALMY BHYTPEHHEW KOMOMHATOPUKY YpaBHEHUU MBI OyAeM wmC-
[IOAB30BaTh BECOBBbIE AMarpaMMmel. MbI OTCHIA@EM 4duTaTeAst K pabore [83], rae ommcaHe! Bce
METaAl TIOCTPOEHUSI BECOBBIX AMarpaMM. BHEIHss cTeleHb sAeMeHTapHo# rpymmel A™ E,(R)
COOTBETCTBYET IIPEACTABAEHUIO CO CTAPIINM BECOM @, Irpynnsl [IleBaanre Tuma @ = A,,_;. Be-
COBasl AMarpaMMa B 3TOM CAy4Yae CTPOUTCS B COOTBETCTBHU C ‘TpeyroabHMKOM [lackaas’. B
paboTe MBI 6yAEM HCIOAB30BAaTb ABa 6a30BEx mpumepa A° Es(R) u A’ E;(R). BecoBast pmarpam-
Ma IIEPBOY I'PYIIEI IPEACTABASIET COOO IIONOBMHY KBaApaTa Ha 4 BEPIIMHAX, CM. PUCYCHOK 1.
Aast rpynnst A’ E7(R) BecoBast AmarpaMma BBITASIAUT CAOYKHEE, MEL €6 H306pasuAY Ha PUCYHKE 2.

Kak mebr mokakeM Huke, rpynmna A™ SL,(R) 6yAeT SIBASITBCS aHAaAOTOM CTAHAAPTHOW I'PYII-

el [IleBaanre G(®@, R), a To Bpems kak A" GL,(R) 6yaeT cOOTBETCTBOBaTh PaCIIXPEHHOR TPYIIIIE
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Puc. 1: BecoBast pmarpamma (A4, @;) u Aefictaue ty(¢)

Puc. 2: BecoBast pmarpamma (Ag, @3)

[llesaanre G(®,R). (AbcortoTHYIO) aAeMeHTapHYy0 HOATpyny rpymnmsl [llesaare G(®, R) urpa-
et poab A" E,(R). B 6oabmuucTse kKoucrpykiuit A" GL, (R) BosHEKaeT BMecTe C AeiicTBIEM Ha
Mmopyae Beitas V(®@.,) = RN, Ilycts A(®@,) — Habop BecoB MoayAs V(@ ). Aas m-oro dyH-
AAMEHTAABHOI'O IIPEACTABAEHUSI BCE KPATHOCTHM BECOB PaBHEI |, TaK KaK HAIlle IPEACTABAECHUE
MuKpoBecoBoe. Kak Mbl ynomuHaAu Beime, A(®,,) = A" [n], To ects nEAeRCE A = I € A" [n] sB-
ASIFOTCSI BECaMU ITPEACTaBAEHUS. 3apUKCIPyeM HEKOTOPKIHA AOIyCTIMEIE 6a3uc V', A € A MOAYAS
V = V(®,,). MBI npeacTaBasiem cebe BeKTOp a € V, rae a = Y Vv'a,, Kak CTOAGEIN KOOpAMHAT
a=(ap),A €A

Ha pucynke 1 MBI n300pa3suAm BeCOBYIO aAuarpaMmy (A4, @;) BMECTE C UCIOAB3YEMOR HyMe-
parueil BeCOB, KOT'Aa BCE BeCa YIIOPSIAOYEHEI II0 BO3PACTAHUIO B AEKCUKOIPA(MUIECKOM TIOPSIAKE.
[Tpu sTOM cTapminii BeC pacloAaraeTcsi cCAeBa. HalmoMHMM, 9TO B BECOBOM AMarpaMMe ABa Beca

COEAMHEHBI PebpoM, eCAUM MX PA3HOCTH SIBASIETCS IIPOCTBEIM KOPHEM (X CUCTEMBI A, j.

Jlemma 17. ITycms R — mpouseoavHoe xkommymamueroe xoavyo. I'pynna N\" E,.(R) co-
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Tparaem udean Ilanroxxepa Plu.

Danee, crepysi 0003HAYEHUSIM YKA3aHHON paboThl, MOAOKUM G, (R) := Fixg(Plu) anst Afo-
60oro KOMMyTaTUBHOIO KOABIA R, rae Fixg(Plu) aTo rpymnma AnHEeRHBIX Tpeobpa3oBaHuii, COXpa-

Hsrommux uapean Plu:
Fixg(Plu) :={g € GLn(R) | f(gx) € Plu for all f € Plu}.

Jlemma 18. Axas arobviz n,m gynxkmop R — Fixg(Plu) seasemca onpedesernoti wad Z

adPpurHHOU 2pynnosoli cremoi.

Caeayiomue pe3yAbTaThl KAACCHIECKN U3BECTHEI, cM. [43], a Tak>ke [100, Teopema 4]. Boaee
TOr'O, AAST BHEITHUX CTENIEHEN IIOAHON AMHENHOM IPYIIILI OHY SIBHO YIIOMUHAIOTCS B pabore [16].
OrMeTnM, 9TO B HAIEM CAydae IpeAcTaBaeHue N\ MuKpoBecoBoe. VI3 3TOro cpasy CAEAYeT, 94To

OHO HEIIPUBOAMMO U TE€H30PHO HEPA3AOKUMO.

Jlemma 19. ITycms K — anzebpaunecku damxHymoe noae. Aas awobvir nym, T < m <
n — 1, adpo npedcmasaernua N" zpynnv. GL,(K) (coomeemcmeenno SL,(K)) pasro pm

(coomsemcmeerto Wg), 20e d = HOA(n, m).

Jlemma 20. Paccmampusaemas kax nodzpynna 6 GLN(K) anzebpauveckas zpynna
m

A (GLH(K)) HENPUBOOUMA U MEH3OPHO HEPA3AOHCUMA. Boae mozo, 3a UCKAIOUEHUEM

caydaa 1= 2m > 4 zpynna A" <GLn(K)) cosnadaem co c80uMm Hopmaaudamopom. B uc-

KAIOUYUMENDHOM CAYHAE NOAOBUHHOU PABMEPHOCTIU IMA 2PYNNG umeem uHoekc 2 8 ceoem

HopMaau3amope. AHanozuvHoe ymeepocOeHue 6epHo U OAA anzebpaudeckol. 2pynmnbi
A" (SLn(K)) xax nodzpynnw, SLy(K).

IToab3ysick Kaaccudukanueit lapu 3aiiTIia MAKCUMAABHBIX IOATPYIII B KAACCUYECKUX I'PYII-

max [87, Tabawuma 1] (cM. Tak>xe 0630p [42] ¢ ©CIPaBAEHUSIMYI TaOAUIIBI ), MOXKHO AETKO AOKA3aTh,
m

uaro A" SL, (K) MakcumanbHa Anst anrebpandecku 3aMKEYTOro moAst K. Caepyrommee yTBEPKAE-

Hue 370 AeMmMa 7 paboTs [16].

Jlemma 21. ITycms K — anzebpauvecku samxrymoe noae. Aaa arobviz n,m,1 <m<n—1
epynnot A" GL,(K) u A" SL,(K) Mmakcumarvrov, cpedu CEAZHBIT 3AMKHYMBLT No02pynn &

00HOT, U3 CAedYWUT 2PYNn.

A" GL,(K) : A" SL, (K) :
e 6 GLN(K), ecau n #2m; e 6 SLn(K), ecaun #2m;
e 8 GSpy(K), ecau n =2m u m newemno;, e 8 Spy(K), ecau n =2m u m HexwemHo,
o 6 GO (K), ecaun =2m u m uemwo. e 6 SON(K), ecau n =2m u m wemHo.

FBoasee moe2o, 8 UCKANHYUMENDHOM CAYHAE YKA3AHHDIE KAACCUECKUE 2PYNNYL ABAATOTNCA

eouHCMEEHHbLMYU cobcmeenHbMU c8A3HbMU Hadzpynnamu A" GL,(K) u A" SL, (K).
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Cunencreue 22. ITycmv K — anzebpaunecku samxnymoe noae, mozda N\ GL,(K) = G, (K)

HaKOHeL'I;, AAST COBIIQACHUS I'PYIIIIOBEIX CXEM, Tpe6yeTc5{ AOKa3aThb, 9TO Gnm T'AapKasi, TO €ECTb

darTrIecKr HEOOXOAMMO BEIYMCAUTL PA3MEPHOCTH COOTBETCTBYIOIIEN aarebpel Au Lie(Gnn ).

JlemMma 23. Aas npoussoavrozo noas K pasmeprocmes anzebpa Au Lie(Gnmik) He npesoc-

zodum n2.

IToaw3ysick Teopemoit 1.6.1 paboTsr [99], MBI IOAYYaEM CAEAYIOIIUY PE3YABTAT.

Teopema 24. Aaa arobviz n,m,1 < m < n— 1 umeem mecmo uszomoppusm aPPurHHbvT

2pynnoswvlr crem Hao Z:

G = GL., /tm, ecau n # 2m,

GL. /W NZ/2Z, ecaun =2m.

2.2. BHeliHMe creneHu Kak crabujmsaTop mHBapuaHTHbIX ¢dopm I. B sTom pasaene
MBI IIPEATIOAATAEM, YTO TL > 2M, TaK KaK AASI IIPOM3BOABHOTO CBOBOAHOTO R-Mopyast V cy-
mecTByeT m3omopdmam A"V* = (A™™Y " ™"V)*| Hameit meABio SIBASIETCS IPEACTABACHIE IPYIIIbL
A" GL,,(R) B xauecTBe cTabuamsaTopa AASL HEKOTOPOro Habopa (CHMMETPUYHBIX MAU KOCOCHM-
METPUYHLIX) MHOIOYAEHOB. CAEAYIOmIAs KAACCUYECKAs TeopeMa MOXKeT OBITh HaliaeHa B [47,

Chapter 2, Sections 5-7].

Vreepxkaenue 25. Aaa anzebpauvecku samxHymozo noas N GL,(K) moorcHo npedcma-
o . n
UMb KaK 2pynny nodobull uHeapuarmHol Gopmou. mosvko 6 cay4ae + € N. ITpuuem ama
dopma eOuHCcMmBeHHA U PABHA
m J— .
o qm(x) = sgn(L,..., In)xg .. Xin ONS HEMHBLT T,
m i
o qm(x) =2 sgn(L,..., I%) Xy, A\ ... /\xl% Ons HewemHule m,
20e CYymmat 8 060UT CAYHAAT BEPYMCA NO 8CEM HEYNOPAOOHEHHBIM DPAZOUEHUAM MHOHCE-

cmea [n] 8 m-anemernmuuie noomHoorcecmsa Iy, ..., In.
m

TaxuMm obpaszom, A" GL, (K) usomopdra rpymnne marpur g € GLy(K) AAS KOTOpHIX CyIme-
CTBYeT MyABTHIAMKATOp A € R* raro#t, uro q(gx) = A(g)qp(x) Anst Beex x € KN, rae K
— anrebpamyecky 3aMKHYTOe Ioae. [Ipy s3ToM A(g) SIBASIETCS OAHOMEDPHBIM IIPEACTABAECHUEM
rpymmer GL,(K), caepoBareasro A = det®': g — det'(g). UTobbI BEIYMCAWTE CTENEHDL OIIpe-
AEAUTEAST AOCTATOYHO IIOACTABUTH AmaroHaabHy Marpuny di(&) € GL,(K). OueBmpHO, 9uTO
Toraa gy (A" di(&) - x) = Eqffy(x). Taxum obpasom, A(g) = det(g).

B pabote MBI 6yAE€M UCIIOAB30BATh YHUMDHUIIMPOBAHHOE 0bO3HadeHUE ((X) AASI 3TUX DOPM.
OTO He IPUBEAET K IIyTAHUIlE, TAaK KAK MBI BCETAQ CMOXKEM PA3BAUYUATEH (POPMBI IO CTEIEHU
m. IIpe>xae 4eM MBI TepefiaeM K M3YUeHUIO CTabUAM3aTOpa YKa3aHHBIX (DOPM Hap, IPOU3BOAB-

HBIM KOABIIOM, 3aME€THM, 4YTO IIPEACTABACHHLBIC CbOprI €AUHCTBEHHO BO3MOJXHBIE AASI I'DYIIIIBL
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A" GL,(R). Aanee, xoacpdurmenTsr stux dopm +1, TakuM 06pa3soM OHHU OIMPEAEAEHBI Hap Z.

TOPAa IIOCAE HeHOCpeACTBeHHOI‘O BquI/ICAeHI/Iﬂ, HOAyT-II/IM
q(A"g-x) = det(g) - q(x) arst atoboro g € GL,(R).

TakuM 06pa3soM, MBI MOXKEM IIPEAIIOAATATh, YTO 3TU (POPMBI MHBAPUAHTHEI II0A AEWCTBUEM
A" GL,(R), rae R — KoMMyTaTUBHOE KOABIIO.

[TpeATIOAOKUM, UTO T YETHO AASI KPATKOCTH 3AIIUCY BCEX BBIYUCAEHUM U obo3HaveHumi. Op-
HAaKO, ECAM AOKA3aTEABCTBA OYAYT OTAMYATHCS AASI PA3HOM YETHOCTHM M, MBI HYAEM AeAATH CO-
OTBETCTBYIOIINE ITIoMeTKE. KpoMe 3Toro, B pabore HaM 6yAeT yAODHO MCIIOAB30BATHCS HE TOABKO
camy copmy (x), Ho 1 ee (noanyro) noaspusayuso. Ilycts k := = € N, 3apapum k-ruHe#HyT0
dopmy:

X9 = ngn(h,...,lk) X1, e X

rAe CymMMa GepeTcsi o BCEM YnopsadodeHHbim Pa3OUeHUsIM MHOXKECTBA [N] B M-3AEMEHTHBIE
HOAMHOMeCTBa. AAs Hegersoro m, f(x! x*) 3apaerca amarormuso. Kax u AAs pOpPMEL
. » T Xy eeey 2 . By p
1 K
q(x) obosHauuM moaspusanuy yHUPUIXPOBaHHO depe3 f(x',...,x"). ObpaTuM BHUMAaHUE, YTO

B OTAKYHUY OT ((X), CyYMMa B IIOASIPU3AIUY OEPETCS IO YIOPSIAOYEHHBIM Pa3OUeHUSIM.

Yreepxkaenue 26. [Tycmv R — npouseoavroe xwommymamueroe koavyo. Ecau — € N,
mozda opma f uneapuarma nod Odeticmeuem saemenmaprot zpynnv. N\ E,.(R). Boaee

mozo, nod deticmeuem eecosozo aaemenma N\ di(&) popma f ymHoorcaemes Ha &.

,A,O’)CCLSGmGJL’bCTnSO. BaMeTI/IM, YTO 3TO YTBEPXKACHUE NETKO CACAYET U3 TOI'O, YTO MYABTUIIAU-

KaToOp A(g) paBeH OIPEAEAUTEAIO, OAHAKO MBI CTPOT'O 3TO HE AOKA3aAM AASI IPOU3BOABHBIX

KOJEII,
Cravana mokaxkeM, uro f(gx',..., gx*) = &f(x!,...,x¥), rae g = A"di(&). Ans aToro 3ame-
THM, 9TO TakK Kak Habop Ij,..., I, sBAsercs pasbuenmeM [n], To B KaXKAOM MOHOME X{, ...X}

dopMsel f 4MCAO i BXOAWT B €AMHCTBEHHYIO IIE€PEMEHHYIO X . TaxuMm 06pa3soM, Ka’KAbL# MOHOM
dopumst f(gx',..., gx") 6yaer mmers Bua +x] ...x7 | ExE X[ LLxE

ITycts Teneps g = A"t;(&). M3 (1) MBI 3HaeM, 9TO g IPEACTABASIETCSI B BUAE [IPOM3BEAEHUS
TpamcBermuit ti ji (sgn(i, L) sgn(j, L)&) ans scex L € A™ ' [n\{i,j}]. Tarum obpasom, B BexTOpE
gx,x € RN umamenurcst poBHO (M2) koopamHaT: (gx)i = Xu + sgn(i,L)sgn(j, L)&x;. Toraa B

dopme f(gx!,..., gx*) —f(x!,...,x*) Bce MoHOMEI 6yAyT UMETH BUA,
£x] X[ (sgn(i, L)sgn(j, L)&x}L)x}lﬂ] CXE,

rae [ =iL, L € A" ' [n ~ {i,j)]. Iycts L,..., I ssBAsteTCs pasbmeHMeM MHOXKECTBA [N, CpeAn
KOTOPOT'O MHAEKCHI ¢ HoMmepamu l,p mmetor Bup I} = ily, I, = jly, rae L, [; € A"

{i,j}]. Torpa mepeKce Ly, ..., Iy, cpeam xoropeix I = jLy, I, = il,, Toxxe sBASIETCS pa3bueHneM



26

MHOXXeCTBa [n], momaaatomem B dopmy f(gx',...,gx*) — f(x',...,x*). Taxum obpasom, cymma

COOTBETCTBYIOIIINX MOHOMOB HyAET paBHA

sgn(ly, ..., Txq, «ooxl, oooxy | (sgn(i, L) sgn(j,l_l)&x}h)xhﬂ] X
sgn(y,.. .,Tk)x%] X ...x%: (sgn(i, L,) sgn(j,Lz)Efoz)xE] o

AAH 3aBEPIIECHUA AOKA3ATEABCTBA OCTAANAOCDH IIOKAa3aTb, 9YTO COOTBETCTBYIOIIINE 3HAKU IIPOTHUBO-

IIONAOJKHBI.

~ ~

sgn(ly,..., L) sgn(i, L) sgn(j, 1) = —sgn(ly,..., Ix) sgn(i, ;) sgn(j, 7).

YMHOXXUB 3T0 paBeHCTBO Ha sgn(j, L) sgn(j, L), moayuum

~ ~

Sgn(Ih sy Ik) Sgn(ia L]) Sgn(j) LZ) = sgn(h, ceey Ik) Sgl‘l(i, LZ) Sgll(j, I—] )

A 3T0 5KBUBaNEHTHO

~ ~

sgn(h, ..., L) = —sgn(Ly,..., L),

TAe MHAEKCHI I, Tp u I, I, HeymopsinogeHsL.

EcaAm m 49eTHO, TOrAa 3TO PaBeHCTBO 3KBUBaAeHTHO sgn(ilq,jl;) = —sgn(jLy,il;). Tax Kak
iL4,jL, oramgaercs ot jL;, 1L, Ha HeUYeTHOEe YWCAO TPAHCIO3UIINM, TO 3HAKY IIPOTUBOIOAOKHEL.
Amanormuso, I;,..., Lk Ly, ..., Iy oTAmuaroTcs Ha HeYeTHOE YMCAO TPAHCIO3UMIA AASL HEIETHOTO

m. ]

Ompepeannm rpynny G¢(R) Kax rpymnny AMHEHHBIX Ipeobpa30BaHUM, COXPAHSIOMUX (POPMY

f(x!, ..., x5):
G¢(R) :={g € GLN(R) | f(gx',..., gx*) = f(x',...,x*) anst Bcex x',...,x* € RN}

Ona saBasieTcss aHanroroM rpynnbl llleBaane AAST CAydas BHENIHUX CTeneHei. Pacmupenwmoi

rpymnoit IlleBaare 6YAYT COOTBETCTBOBATEL mop0bust opmer f(x', ..., x¥):

G¢(R) :={g € GLN(R) | cymecTByer A € R* Takas, 4To

flgx', ..., gx") = A(g)f(x',...,x") aas Boex x', ..., x* € RN}

OueBupHo, uTo PyHKTOPH R — G¢(R) 1 R — G¢(R) 3aparoT abdbuHHEYO IPYIIOBYIO CXEMY
map Z. Torpa mpm k = = € N mpr mMoxxem oxmpars, uro A" GL,(R) coBmapaer c G¢(R), a

m [
A" SL,.(R) coBmapaer ¢ G¢(R). OTo mouTu BEpHO, X CAEAYIOIIASI TEOPEMA AAE€T TOYHBIA OTBET.

Teopema 27. IIpednososcum, wmo == € N. Tozda A" GL,(R) cosnadaem c G¢(R) sa wuc-
KAOUEHUEM CAYHAA MOA0SUHHOU pasmepHocmu. A umenno, ecau N = 2m, mozda G¢(R) =

GON(R) wau GSpy(R) 8 sasucumocmu om wemrnocmu m. Taxum obpasom, 8 3mom CAY-
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yae \" GL,(R) amo modzpynna noaHotl opmoz20HasbHOU UAU NOAHOU CUMNAEKMUYECKOT

2pynnol. Ananozuvroe ymeepocoerue eepro u 0as N SLn(R) u G¢(R).

3ameuvarue 28. B caydae (n,m) = (4,2) crabuausarop dpopmsl paBer GOg(R). Kpome Toro

oH Takxe coBmapaer ¢ A’ GL4(R).

Kak u past crabuamsaTopa upeana [IntokKepa AAST AOKA3aTEABCTBA BOCIIOAB3YEMCS AEMMOMR
VYorepxaysa!, koropas siBasiercst Teopemoii 1.6.1 pa6orer [99]. OHa IO3BOASIET CBECTH IPOBEPKY
u3oMopdu3Ma apPUHHBIX IPYIIOBBEIX CXEM K IPOBEPKE M30MOpdU3Ma X 3HAUEHUN Ha ai-
rebparyecky 3aMKHYTBIX IIOASIX X ABOMHBIX YMCAAX Hap HuMu. HamomuwmM, uTo aarebpa K[d]
ABOMHBIX YMCEA Hap IIoAeM u3oMmopdHa Kak K-moayab K @ Ko, a yMHOKeHUE B HEl 3apaeTcCs

mocpeacTsoM &2 = 0.

Jlemma 29. ITycmv G u H — agpurrvie epynnosvie cremsv, Korewrozo muna Hao Z, npu-
wem G — naockan, a $: G — H — moppusm zpynnoswvir cxem. [Ipednonroscum, 4mo oas
2106020 anzebpauvecku 3amMrHYmMo20 noas K 8vinosraromea caedyrouue Ycaosus!
(1) dim(Gk) > dimy(Lie(H)),
(2) ¢ urdyuyupyem moromoppusm wa zpynnar moxex G(K) — H(K) u G(K[§]) —
H(K{8]),
(3) Hopmanausamop ¢(G°(K)) e H(K) codeparcumcsa e d(G(K)).

Toz0a ¢ Asaaemca U3OMOPPHUIMOM 2PpYNNOBHT crem Hal Z.

3aeck gepes G° obosmawaeTcs CBsS3HasS KOMIIOHEHTa eAMHMIBI cxeMbl G, Gy — cxeMma, IO-
Aydarormasicss u3 G 3aMeHO# cKaasipos, a Lie(Hy) — aarebpa Aum cxembl Hg. 3amerum, 4TO B
HaIlleM CAYy4Yae YCAOBHUSI Ha CXEMBI BBIIIOAHEHBEI aBTOMATHYeCKU. Bce paccMaTpuBaeMBIE CXEMEI
UMEIOT KOHEYHBIN THUII, SIBASISICh IIOACXeMaMU B mopaXoasIed GL,,, a ycAoBuE IIAOCKOCTH CAEAYET
73 TOro, 94To cxeMa G OYAEeT CBSI3HOM, 1 ITOCAE 3aMEHBI Ha3bl Ha aATeOpamdecKy 3aMKHYTBIE II0-
ASI TIOAYYATCS TAAAKHME CXEMBI OAMHAKOBOM pa3MEPHOCTU. Boaee TOTO, B IPEABIAYIIIEM Pa3AENE
MBI y>ke mokasaau, uTo HopMmaamsaTop A" GL,(K) B GLy(K) coBmapaer ¢ A" GL,(K). Takum
obpazoM, AAST YCTAHOBAEHUSI U30MOPU3Ma TPeOYETCS IPOBEPUTL TOABKO IIEPBLIE ABA YCAOBHSI

NAEMMEI.

YrBepxkaenue 30. [Tycms K — anzebpauvecku samxHymoe nose u N # 2m, mozoa
A"GLy(K) = G{(K)  u  A"SLn(K) = G¢(K).

Aoxasameavcmeo. Yreepaenue 25 rapantupyet, uto A" GL,(K) coxpaHsieT MHBapMaHTHYIO
dopmy f(x',...,x¥), Takum obpasom A" GL,(K) < G¢(K); A rax kark A" GL,(K) cBs3Ha, To
A" GL,.(K) < é)(K). Aanee, 3 Nemmul 21 caepyer, uto A" GL, (K) MakcuMaAbHA CPEAU CBSI3-
HEIX 3aMKHYTHIX MoATpymn B GLy(K). A rax kak G¢(K) — coberBennas moarpymna B GLy(K),

TO BepHO U obpaTHoe BRAIouenue. Aast rpynmel A SL, (K) A0Ka3aTeAbLCTBO aHAAOTUYHO. Il

! AHanOTWYHO STOT Pe3yABTAT MOKET GBITH AOKasaH, UcnoAb3ys SGA, Exp. VI b, Cor. 2.6
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Temepb BEIYMCAMM pasMepHOCTE aarebp Au G u Gy. AAs 9TOTO HAIIOMHUM KaK OIPEASASITCS
anrebpa Au cxembl Gy, coxpausiomeit uaear [Iatokkepa Plu, cm. §2.1. Mu1 caepyem pabore
Yunpsima Yorepxaysa [99], rae mOXo>kue BBEIYUCAEHUSI IPOBOASITCS B AeMmMax 3.2, 5.3 u 6.3.
[Tycts K — mpousBoabHOe moae. Toraa aarebpy Au Lie(Gyx) adpdbunHOM rpynmoBoit cxeMbl Gy
HauboAee eCTECTBEHHO MHTEPIPETUPOBAThH KakK sApo romomopdusma G(K[8]) — G(K), mpum
KOTOpoM O oTobpakaercst B 0, cM [6; 34; 62; 101]. [Iycte G — moacxema B GL,,. Toraa aarebpa
Au Lie(Gg) cocrout m3 marpui; Bupa e + z0, rae z € M, (K), yAOBAETBOPSIOMINX YCAOBUSIM,
onpepensiformuM G(K). B caepyromer AeMMe MBI KOHKPETU3UPYEM 3TO YTBEP>KAEHUE B CAYYAE,

Korpa G sIBASIETCsT CTAaOMAM3ATOPOM CHCTEMBI MHOTOYAEHOB.

JIemma 31. ITycmo fq,...,fs € Klxq,...,x{. Toz0a das mozo, ¥mobv, mampuuya e+ zd, 20e
z € M((K) npunadaesrcana Lie(Fixk(fy,...,fs)), neobxodumo u docmamouro, ¥mobv, 0AA
ecez h =1,...,s 8bNOAHANOCL YpaBHEHUE
of
Z Zinla h =0
1<t x

[TpuMeHNM 3Ty AeMMY AASI CAyHasi cTabuam3aTopa MHOrO4YAeHOB [IaforKepa fi (X)), rae K €
A"'n], L € A™"'[n]. HamoMHEM, 9TO AASL MATPUUHBIX SAEMEHTOB Zj,j CYILIECTBYET CAEAYIOIITE
TPU THUIIAa YPaBHEHWN, CM. AOKa3aTeAbCTBO [IpepnoskeHuss 3 paborsl [16]. Aanree gepes /A MBI
0b03HaYaeM CUMMETPHUUECKYIO PAa3HOCTH ABYX MHOXKECTB.

e Ecam d(I,]) < m—2, gro coorBercTByeT cAywaro |[[U ]| > m+2, To Bce anemenTsI z1j = 0.

o BEcam d(I,]) = d(M,H) =m —1u IA] = HAM, 10 z1j = £z1 M.

e Haromen, ecan d(I,]) = d(M,H) =m —1u IAH =]JAM, T0o z1| &+ znn = 257 £ zZmMm.

[TepBhIft IYHKT He AaeT BKA3AA B Pa3MEPHOCTE aArebpsl Au, Tak Kak zij = 0 mpu d(I, ]) <
m — 2. Oaemente! z1j ¢ d(I,]) = m — 1 BHocAT BKAaA, paBHEIR n(n — 1), a AmaroHaabHbIE
3AEMEHTEI Z;| BHOCAT ellle He boaee N AMHEHHO He3aBUCHMBIX IT€PEMEHHBIX.

ITepeitaem x cxemam G¢(K) m G;(K). Aarebpa Am Lie(G¢(K)) cocromT m3 maTpmm g =

e +yd, rae y € My(K), yaosaersopsomux ycaosmio f(gx', ..., gx*) = f(x',...,x*) ars Bcex
x',...,x* € KN. Amanrormuno Lie(G¢(K)) cocromr m3 maTpun g = e + yd, rae y € My(K),
yaoBAeTBopsttomux ycaosmio f(gx'y ..., gx*) = A(g)f(x!,...,x*) aas Beex x', ..., x* € KN,

Teopema 32. Ecau n # 2m, mo das 106020 noas K pasmeprocms anzebpv, Au Lie(Ge(K))
He mpesoczodum N, 8 mo epema xax pasmepHocms aazebpwv. Au Lie(G¢(K)) ne npesoczo-

oum n?—1.

Aokazamenvcmeo. Bo-IIepBBIX 3aMETHUM, YTO YCAOBUSI Ha dAeMeHTHI aaredbper Au Lie(G¢(K))

[IOAYYAlOTCST U3 COOTBETCTBYIONUX yCAOBuil Ha saeMenTsl Lie(Gy(K)) moacramoskoit A(g) = 1.

1

[IycTh g — MaTpHUIA, YAOBAETBOPSIOMIAS YCAOBHUSIM BBITIE AAS BCEX X, ..., x5 € KN, TToacTaBasis



29

g = e+ yd u, mIoAB3ySCH K-AUHERHOCTHIO POPMEL f, IOAyIaEM, ITO
6(f(yx],x2, ey X5 +...+f(x],...,xk_],yxk)) = (A(g) — Df(x',...,x").

HOK&?KGM, 9TO SNAEMEHTEI MAaTPUIIHL Y YAOBAETBOPSAIOT AHANAOTUIHBIM AVHENHBIM COOTHOIIEHUAM,

YTO M B CAydae cxeMbl Gn,,. Ilo moctpoenuio dopma f(er,,...,e;,) = O AAST BCeX MHAEKCOB
Ii,..., Ik € A"[n] 3a uckaroueHuEM CAy9IaEB, KOTAQ {I;} ssBAsTETCS pa3bueHMeM MHOXecTBa [n] =
LU...Ul.
e Ecam d(I,]) < m — 2, To y;; = 0. AeiicTBUTEABHO, TOTAA CYIIECTBYyeT Habop IOIAPHO
HEIIEPECEKAIOIINXCS UHAEKCOB Iy, ..., [} € /\m([n] ~ I) rakoit, aro d(J,I;) = d(],I5) =1
n d(J,4) = ... = d(J,k) = 0. HMonroxkum x' = e;,x' = e1,2 < 1 < k. Torpa
f(x'yx?, ..., x5) = ... =f(x!,x%...,yx*) = 0. Uz aToro caeayer, aTo f(yx',x?,...,x*) =
+yp; = 0.

e Ecam d(I,]) = m—1 u IA] = HAM (to ectb I — ] = H— M kak xopauz @), Toraa

Y1) = £Yn,m. B aTOM caydae cymecTByeT Habop IONapHO HEMEPECEKAIOIMMUXCS MHAEKCOB

M, Iz,..., I € /\m([n]\I) raxoit, aTo d(J,M) =1u d(],5) =...=d(],Ix) = 0. [Toroxum
x!' = e, x? == em,x' = e1,3 < 1 < k u obosnauum wepes H mupekc [n] \ (JU L, U
...UL). Toraa f(x',x%,yx3,...,x5) = ... = f(x',x%,...,yx¥) = 0. Uz aToro caepyeT uaTo

flyx!, x4, o XK+ (X, yx?, x® ..., xF) = 0. Ho f(yx', x?,...,x*) =sgn(, M, I3, ..., L)y,
a f(x' yx?, %3, ..., x*) =sgn(], H, Is,..., k) - yum.

e Haxomen, ecaw d(I,M) = m — 1 u IAM = HAJ, To AAST AMarOHaABHEIX 3AEMEHTOB
BBEIIIOAHEHO YCAOBKE Y11 — YMM = YH,H — Yj,J- B 3TOM CAydae CymIecTByeT HabOp IOIapHO
HEIIepeCeKaIoNIuXCss MHAEKCOB I3, ..., [} € /\m([n] \ (Tu ])), To ecTh I, ], I3,..., Ix ssBAsteTCH

azbuenurem MHOKecTBa [M]. IToroxum x' := e, x? := ep, x! := e, aast 3 <1< k. Toraa
) 1B 1 X b

(Ag) =T1) = 8(Yrr +Yp) + Y1 +- -+ +Yrn)-

C apyroi croponsl H, M, I3,. .., I} Toxxe siBAsieTCst pasbueHureM MHOXXeCTBA [N, rae [U] =

H U M. TToacraBass x! = ey, x? := em, x' := ey, ans 3 < 1 < k, moaygaem

(Alg) = 1) =8(ymm +Yuu + Y5 + -+ - + Y n)-

ObbeanHsIsT TOAYIEHHBIE PABEHCTBA, BUAMM, ITO Y11 + Yj,j = YMM + YH,H-

TarkuMm 06pa3oM, COOTHOIIEHWS, IOAYYMBIINECT B 3TUX TPEX IYHKTAX, aHAAOTMYHEI COOT-
HOIIEHWSIM B IpeABIAymIeit aemme. DaemenTel Yi; = 0 mpu d(I,]) < m — 2 He BHOCAT BKAap
B pasMepHOCTb. DaemeHTH Yy npz d(I,]) = m — 1 BHocST BKAaA, paBHBIE (n? —n) — duc-
Ao xopHe#t cucteMmbl @. [TocaepHMI IYHKT IO3BOASIET IPEACTAaBUATEL AIOOOM 3AEMEHT Y11 B BUAE
AVHEWHON KOMOUHAITNYT YK; Ky 1 <j < n, rae cpear IONapHEIX pasHoCTe# BecoB Kj KaXkABIi po-

CTO# KOpeHb BCTPedaeTcs XoTst 651 opuH pa3. Hampumep, caeayst pabore [16], MOXKHO B3SIThH Beca
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{1,...,m—1,pl,rae m < p < nu{l,...,,...,m+1}, rae 1 <i< m. Ha pucyske 3 moka3aHo,
KaK MMEHHO OHU PACIIOAAraloTCs Ha BeCOBOM pmarpaMmme (As, @;). CAep0BaTEABHO, PA3MEPHOCTD
anrebper Au Lie(G¢(K)) me mpeBocxoput n? —n +n = n’. Aasg aarebper Au Lie(G¢(K)) Bepro
aHaAOTUYHOe paccyxaeHue ¢ ycroBueM A(g) = 1. ITosromy pasmeprocTs Lie(G¢(K)) Toxxe He

IIPEBOCXOAMT N°.

Puc. 3: Beca Anst AMAaTOHAABHBIX 9AEMEHTOB B (As, @7)

AAST 3aBepIIeHNsT AOKA3aTeAbCTBA OCTAAOCh YMeHBIUThH pasMmepHocTh Lie(Gr(K)). Aanee
AASI KPaTKOCTK 3amucu MHAEKCH I € A™[n] Mpl 6yAeM MHTEpPIpPeTMPOBATh KaK BeCca COOTBET-

CTBYIOIIET'O IIPEACTABAEHUST, & KOPHU X = C10] + ...+ Ch 1Xn_1 € A1 3aIUCBHIBATL B popme

ABIHKIHA KaK Ci...Cn_1, TA€ O — IPOCThIe KOPHU A,_;. Hampumep, 6 = 1...1 — MakcuMaAb-
HBI KopeHb A, ;. [Iycte K; — crapmuit Bec mpeacraBaenus A, a I, ...,Iy — crampapTHOe
pasbuenme MHOXecTBa [n] \ K; Ha mM-sAeMeHTHBLIE IIOAMHOYKECTBA, TO €CTh I, > I3 > ... > I.
[ToacTaBasis x| := ex,, X i= e, ..., x* := ex,, HOAyIHM:

Yk YL, + e Y = 0.

Aanee, 3ameTuM, 9TO AAST AfOGoOrO j: Ky —Ij = c% o+t CL] Xn_1, ¥, ICIIOAB3YS Y Ke AOKa3aH-
HbI€ COOTHOIINEHUSI Y11 —YmM = YHH — Yjj AAst I —M = H — ], npeacraBuM BCe AMaroHaAbHBIE
9AEMEHTHL Yy, |; B BUAE AMHENHBIX KOMOMHAIUME Yy, ;- |aKuM 06pasoM, Mbl IOAYIUM HETPUBU-
aAbHOE COOTHOIIEHVE Ha YAEMEHTHL Yy, ;, YMEHBIIUB PasMepHOCTh Ha 1. Hioke Mbl npusoauM
AETAABHOE OIIMCAHME IIOAYYUECHUST YPABHEHUS AASI IIPOU3BOABHON BHEITHEN CTEIIEHU.

Vcnoab3yst BBEAEHHEBIE ObO3HadeHusI, moayuuM K; — [, = 12...m...210...0, K; — I3 =

12...m...m...210...0, mam B obmem caygae K; — [ = 12...m...m...210...0 ansa 2 <

m+1 pas (j—2)-m+1 n—mj
j £ k. Hamomuwwm, mymeparusi BBeA€HHBIX BeCOoB Kj Takasi, 4TO o4, = Ky — Kz, oy1 = Kp —

K3> N O anm_aner]) Km—1 = KZ_anerZ) Km—2 = Kn7m+2_Kn7m+3> ey X1 = Kn71 _Kn
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(B cAygae BHeIIHero KBappaTa o, 1 = &1 = Ky — K _yn42). Toraa mpu 3 <j < k:

Yk, Ky — Y, = (UK 1K — Yknkn) + 20Uk 2K s — YK 1 Knq) F o
+ (M — DYk ks = YKnmsoKnomaiz)
+ m((UK1,K1 —Ykoka) o (Ukigoayer Ko ~ YKm(-2)+2.Km z)+z)>
+ (M = DYk 2ri2Kmi2002 — Y¥mg2143Km [Hm) Tt
+2(UK G111 Km — Yk 1)) + (Ukm(j,” ~ YKim(o1)11:Km <1—1)+1)

= MYk, Kk, + (m— ])UKz,Kz YKmi-2042KmG-2)12 — *+* 7 YKo+ 1KmG-1)41

~ YKn-mi2,Kn-ms2 — + o+ 7 YKn,Kny

a Ipu j = 2, uMeeM

Yk — YL = Yk Ko — Ykke) T 2(Ykn 2 Kn2 = YKo Kng) + oo
+ (M — 1)Uk ks — Uk ms2,Kn msz)
+ M(Yk; K — YKz ko)
+ (M — 1) Yk ks — Yksks) + -

+ 2(Ykpn 1K 1 — YK ) T (YK = Yk 1.Kns1)
= My, k; T (m - Z)UKZ,KZ —YK3,Ks 7+ o+ T YK, K
- yKn7m+2yKn7m+2 T oeee T yKn,Kn‘

OcTanoch CAOKUTE BCE IIOAYUEHHBIE PABEHCTBA C YPABHEHUEM Yok T Y T - Y = 0.

TakuM 06pa3oM, UTOrOBOE YPaBHEHNE HA AMATOHAALHBIE SAEMEHTHI OYAET CAEAYIOIIUM

(m(k—1) = Kykik + (M= 1)k =1) = T)Yiaks = Yksks ==+ = Yk e 1K mo
- (k - ])yKn7m+2»Kn7m+2 Toeee T (k - 1)yKnyKn = O'

STO AAeT HETPUBMAABHOE COOTHOIIEHME MEXAY 3AEMEHTaMU Yy k;, KOTOPoe (Hap MOAeM IIpo-
U3BOABHON XapaKTEPUCTUKY) ODECIIEYNBAET YMEHBIIEHNE OLEHKY Ha PA3MEPHOCTDL anrebpel Au

eme Ha 1. CaepoBarennso, dim Lie(G¢(K)) < n? — 1. O

o 2
[TpuBeaeM mpuMmep mocaepHUX Boraucaeruit ars A Eg(R). Pacmoaosxxenue Becos K; ormedero
Ha pucyHke 3. 13 ycaroBus coxpaHeHUsT POPMBI IOAYYaeM, ITO Y1212 + Y3434 + Yses6 = 0.

e Tak xark 12— 34 = o1 + 20, + 3, TO

Yi12,12 — Y334 = (y13,13 —Uzs,zs) + 2(912,12 —913,13) + (913,13 —914,14)

= 2912,12 —Yi14,14 — Y2323
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e Tak Kar 12 —56 = oy + 2(op + &3 + 4) + &5, TO

Yi12,12 — Ys6,56 = (913,13 —923,23) + 2((912,12 - 913,13)
+ (Y13,13 — Y1a,14) + (Y1414 —915,15)) + (Y15,15 — Yie,16)
e 2912,12 +Y13,13 — Y1515 — Y1616 — Y23,23-

Tarum o6pa30M, CAOJKUB IIOAYYEHHDBIE TPY YPABHEHNMSI, IIOAYINM HETPUBUAABHOE ANAST IIOAS IIPO-

U3BOABHOM XapPaKTEPUCTUKU COOTHOIIICHNE Ha SAEMEHTEI yK]-,K,-:

Yi12,12 +Y13,13 — Y14,14 — Y15,15 — Yi6,16 — 2923,23 = 0.

Ms1 npoBepuAu Bce yCAOBUSI #3 AeMMBI 29 ¥ TOTOBBI 3aBEPIIUTL AOKA3ATEABCTBO leope-

MBI 27.

Teopema 33. Ecaun # 2m, mo umerom mecmo usomoppusmu, G = A" GL, u Gy = A" SL,

apPuUHHBLT 2pynnosur crem Hao Z.

Aokaszamenvcmeo. PaccMOTpuM pallmoOHAABHOE IIPEACTABACHUE AATeOPANYECKUX TPYIIII
A" GL,(—) — GLn(_).

U3 AemMmer 19 MEI 3HaeM, 9TO SIAPO 3TOr'0 MOPdU3Ma PaBHO |, a II0 Y TBEPKAEHUIO 26 ero obpas

copepxuTcs B cxeMme Gy. Takum obpasom A" mHAYIIIPyeT MOHOMOPGMU3M aATebpandecKux IPYIII
d): GLn/lem — Cf-

[TpmmenuM K Mopdusmy ¢ Aemmy 29. O4eBHAHO, YTO AN AATEOPAMIECKHE 3aMKHYTOTO IIOAS
dim A" GL,(K) = n?, a mo Teopeme 32 dim Lie(G¢(K)) < n?, mosTomy ycarosue 1 u3 AeMMbI 29
BBITOAHSIETCS. KaK MBI y7Ke OTMETUAY BEIIIE, YCAOBUE 3 AeMMEL 29 TaK>Ke BBEIIIOAHSETCS. 'TaKuM
obpaszoM, IPUMEHSIST AeMMY 29, MBI MOXKEM 3aKAKOYATH, 9T0 ¢ 310 m3omopdpusm A" GL,(_) u
G¢(_) adpUHHEBIX IPYNNOBLIX cxeM Hap, Z. AAst cxeMbl Gy AOKa3aTeABCTBO IIOAHOCTBIO aHaAO-

TUYHO. ]

Baaropapst 3ToMy 130MOPMU3MY, MBI HOAYYUAL, YTO AAS IPOU3BOALHEIX KOAEI KAACC MaT-
purt u3 A" GL, (R) crporo 6oabine, uem obpaser A"g, rae g € GL,(R). AefiCTBUTEABHO, IPEATIO-
AOXKEM, 94TO N # 2m (ZHaYe BCE PACCYKAEHUS CAEAYET IIPOBOAUTE AASI COOTBETCTBYIOIIEH CBSI3-

HOM KOMIIOHEHTBI I‘pynl’[bl), TOr'Ad TOYHAsL IIOCAEAOBATENABHOCTD a(b(bI/IHHBIX I'PYIIIIOBBIX CXEM

1 — un — GL, — GL,, /it — 1
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AA€T TOYHYIO IIOCAEAOBATEADBHOCTD KOT'OMOAOTUH I‘aAya

1 — Hm(R) — GLH(R) — GLn/}lm(R) —
H' (R’ M) — H' (R’ GL,) — H' (R» GLy /tm).

MHO>XeCTBa KOTOMOAOTHH, BXOASIINE B 3Ty IOCAEAOBATEABHOCTD, XOPOIIO U3BECTHEI, CM. [67,
I'aasa 111, §2], aubo [16, §9] mam [99] Anst caydas BHemHEX KBappaTos. H'(R,GL,) xaaccudu-
IIUPYeT IPOeKTUBHEIE R-Moayau P pamra n, B wactaoctu, H'(R, GL1) xraccudbumupyer obpaTu-
Mble R-MOAYAH, TO €CTh KOHEYHO-IIOPOKAEHHBIE IIPOEKTUBHEIE R-MoAyAu panra 1. MHOXXeCTBO
H'(R,GL;) uMeeT rpynIoOBYIO0 CTPYKTYPY, MHAYIIMPOBAHHYIO TEH30PHEIM IPOM3BEACHMEM. DTa
rpymnna HasbBaeTcs rpynnoii [Tukapa Pic(R), aneMeHTaMu KOTOPO# SIBASIIOTCSI CKPYYE€HHEBIE POP-

MEI cBobopHOTO R-Mopyast R. Aast ommcanuss H' (R, W, ) 3amummeM TOYHYIO MOCA€AOBATEABHOCTD
(m
1 — un — GLy — GLy — 1,

rae ()™ — Mopdu3M BO3BEAEHUS B M-YIO CTeNeHb. Toraa ¢ ygeroM Toro, uro (GL;)™(R) = R*™,

IIOAYYaEM

1 — R/R*™ — H'(R, i) — Pic(R) — Pic(R),

rA€ IIpaBasi CTPeAKa MHAyIupoBaHa MopdusmoMm ()™ Takum obpasom H'(R, w,,) xraccudu-
IIAPyeT IPOEKTUBHLIE MOAYAK P panra 1 smecte ¢ uzomopdusmom P@™ = R. AAs BEIYMCAECHUS
sapa orobparxerus H' (R, un) — H'(R, GL,) 3ameTuM, ¥T0 MopdusM (i, — GL, mpomycka-
ercst uepe3 GL; = G,

Hm —— GLn

\ /calar

GL,
Tak xax H'(R, GL,) xaaccudunupyer IpoeKTUBHLIE MOAYAT PaHTa n, a BaoxkeHue GL; — GL,

IIOCBIAGET A B Ae, TO B KoroMoaorusx orobpaskerme H'(R,GL;) — H'(R, GL,) mocsiraeT 06-
patuMerit MoayAb P B @ P, Takum obpasom siapo orobpaxenuss H'(R,w,) — H'(R,GL,)
COAEPYKUT BCIO rpymnmy R*/R*™ u 6oaee Toro, Te anemenTsl P rpynns! [Tukapa Pic(R) xoabia R,
AT KOTOPEIX P®™ = R u BT P cBoboper (= R™).

Pestomupysi, MBI BuAUM, 4TO dakTop-rpynma A™ GL,(R) mo A" (GLn(R)) COAEP>KUT KOIIUIO
rpynnel R*/R*™ u pAaAabHEHINUYE (PaKTOpP IO 3TON KOIUU SIBASIETCS IOATPYIIION rpymnnbl [Iuka-
pa Pic(R), cocrosimeit u3 Tex obparuMmeix Mopyaed P Hap R, anrs xoropeix P®™ = R u @} P
CBODOAEH.

AN cTIEIIanbHON AMHEHHOR IPYIIIEI CATYAKs IIOX0XKasd. ToOYHAsT TIOCAEAOBATEABHOCTD ad-

(PUHHBIX I'PYNIIOBLIX CXEM

1 — wg — SL, — SL,, /g — 1
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AaeT TOT-IHYIO IIOCAEAOBATENBHOCTDB KOI‘OMOAOI‘I/Iﬁ
1 — pa(R) — SL,(R) — SL,, /ua(R) — H'(R, pa) — H'(R,SL,) — H'(R,SLy, /pa),

rae d = HOA (n, m). IlpeacTaBAeHHBIE MHOXKECTBA TaKKe XOPOIIIO U3BECTHEI, cM. [67, I'aaBa III,
§2].

Ompeaeantens det: GL, — GL; uAynupyeT oTobpaskenue Ha Koablax (det)!: H'(R, GL,)
— Pic(R). Iycrs [P] € H'(R,GL,) KAacc, IpeACTaBAECHHLIM IPOEKTUBHLIM MOAYAEM P paHxra
n. Ans aroboro aBToMopdusMa x MoayAs P, det(«) € R sBAsTeTCS MHAYIMPOBAHHBIM aBTOMOD-

cdbusmom n-oit Bremneit crenernu A"P. Tlosromy, (det)!([P]) = [A"P] n

det

1 — SL,(R) — GL,(R) — G,(R) — 1.

Omumem MmuO)ecTBo Koromoaoruit H'(R,SL,). Ilycte P — mpoeKTuBHLIE R-MOAyABL paHra M
rakoi, uto A"P = R, u nyctsb dp: A'P — R — durcuposanusii nzsomopdusM. Mzomopdusm
P: P — Q zassIBaercst m3oMopdusMoM mapsl (P, dp) = (Q, 8q), ecanm SqA™p = dp. Hepes [P, 5p]
obosHauuM KAacc m3omopdusmoB (P, d6p). Toraa anast atoboro aBroMopdmaMma P mapsr (P, dp)
BepHO, uTo dp A" = 8p, crepoBaTeanHo, det(\p) = 1. Tarum obpasom, maO)ectBo H'(R, SLy)
3apaercs Kaaccamu [P, dp], TO €CTh IIPOEKTUBHBIMU MOAYASIMEU P paHra n BMeCTe C (PUKCHPO-
BaHHBIM n3oMopdusmom AP = R. A orobpaskerue H'(R,SL,) — H'(R, GL,) coorseTcTByeT
[P, 5p] + [P].

Kak ormeuanocs Brime, H' (R, 114) KAaccudunupyeT mpoeKTUBHEIE MOAYAK P panra 1 BmecTe
¢ msomopdusmom P8¢ = R. A orobpaskerue H'(R, pg) — H'(R,SL,) HOCBIAAET IPOEKTUBHLI
MOAYAb P B mpsamyro cymmy )P = P @ ... ® P. Takum obpasoM ero siapo, TakXe Kak U
dakrop-rpymma A" SL,(R) mo A" (SLn(R)), COAEP’KUT IIPOEKTUBHBIE MOAYAK P panra 1 Takwue,
g0 P®¢=RuP@®... P =R™

2.3. Baemane crenieHn Kak crabwiam3arop mHBapuanTHbIX ¢dopm II. B mpeawiaymem
o o Y n
naparpade Mbl IOAHOCTBIO Pasobparu Caydait opHOM MHBapuaHTHOM dopMel. Ecam xe - ¢ N,
m
TO OKasbIBaeTcsi, 4To y rpymmsl /A" GL, (R) cyimecTByeT upean nHBapuaHTHEIX dopM. Pacmmpum
ompeaeaerue opMsal ((x) u3 §2.2. [To ymoaduaHuio ((Xx) paccMaTpUBaeTCss OT MHOXKECTBA (1] =
{1,...,n}, HO panree HaM HOHAAODSITCS POPMBI OT HEKOTOPBIX IOAMHOMKECTB BHYTpH [N]. Aas

9TOTO OIIPEAEAUM (V}(X) AAST HEKOTOPOTO N;-moaMHOecTBa V C [n], rae LeN:

e qU'(x) =) segn(ly,..., I%]) X -+ XIn, AAS SETHBIX M,
m
e qU'(x) =D sgn(ly,..., I%) Xy /\ ... A X1, AAS HEUETHBIX TN,
m
TA€ CYMMEL B 000MX CAy4Yasix 6epyTCsi IO BCEM HEYIIOPSIAOYEHHBIM Pa3bueHusIM MHOXXeCTBa V B
M-3AEMEHTHBIE TOAMHOXKeCTBA [1,...,1 np
Kaxk obrraso, mycts i (x!,...,x*) obosHagaer (noanyro) noaspusayuto dopMsl qF(x), Tae

k:= L. B paabHe#eM Mbl 6yaeM OIyCKaTh CTENEHb M B dopMax o (x'y .. x5) 7 gl (x).
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Danee, paspeAnM N Ha M ¢ ocTaTkoM: N = lm+7, rae |, v € N u paccmorpuMm mapear Y = Yy o
B KOABIE Z[x{], mopoxxaenHEI dhopmamu fy(x', ..., x*) AAST Bcex BOZMOMKHEIX M - |-3A€MEHTHEIX
ITIOAMHOXECTB V BHYTPH [N].

IIpepnonoxxum, 4To Y mOPOXKAEH fyv,...,fy,, TAe p = (nﬁ), toraa ompepaeauM Gy(R) xak

TPYIIY AMHEAHBIX IIpeobpa30BaHuil, COXPAHSIONINX HA€AA Y:

Gy(R) :={g € GLN(R) | cymecTBytoT Ay,,...,Ay, € R*,c(Vi, Vi) € R Takue, 910
fv, (gx'y ... gx ) = Ay (g)fy, (x', ..., x*) + Z c(Vi, V) -y (xy oy x9)
4
asBeex 1 <j<pux,...,x" € RV

Apyrumu croBamu Gy(R) = Fixg(Y) aast Atoboro KoMMyTaTUBHOrO KoAbIa R. IIpesxae Bcero
ybeaumMcs, uTo Gy SIBASIETCS PYIIIOBO# cxeMoit. AAsSl 3TOTO BOCIIOAB3YEMCS CAEAYIOIINM CTaH-
AAPTHBIM PaCCy>XKAECHUEM.

IIycts fy,...,f; — IPOU3BOABHEIE IOAXHOMEI OT t IIepEMEHHEIX C KO3 PUIIMEHTAMHU U3 KOM-
MYTaTUBHOI'O KOAbIIa R. MBI mHTepecyeMcss AMHEHHBIMU 3aMeHaMu IepeMeHHBIX g € GLi(R),
KOTOPbIE COXPAHSIOT YCAOBUE, YTO BCE 3TW MHOTOYAEHBI OAHOBPEMEHHO OOPAIalOTCsI B HOAb.
ApyruMu caoBaMu, MBI paccMaTpuBaeM Bce MaTpuuil g € GLi(R), coxpamstomue maean A
KOABIIA R[Xq,...,X], IOpoxRAeHHEIR fy,...,f;. Xopomo u3BecTHO (cM., HampuMmep, [48, Nemma
1] mam [99, [Tpepnroswkerue 1.4.1]), uro MHOX)ECTBO G (R) = Fixg(A) = Fixg(fy,...,fs) Bcex Ta-
KIX AMHENHEBIX 3aMeH IIepeMeHHBIX 0bpa3yeT rpynmny. Aas Aroboit R-aarebper S ¢ 1 MBI MOXKeM
paccmaTpuBath fi,...,fs Kak MOAMHOMEI C KoaddurmeHTaMmu B S, Toraa rpymnmna G(S) ompeae-
AeHa AAsT Beex R-aarebp. Ilpum sTom oueBuaHO, uTo G(S) 3aBucuT pyHKTOpmarbHO OT S. Ho,
K cokaneHuto, yHKTOp S — G(S) He obs3aTeAbHO siBAsieTCs adpPUHHON TPYIIOBOM CXEMOM
Hap R. OTo cBst3amo ¢ TeM, uTo G (R) 3apaeTcss cpaBHEHUSIMU, a He YPAaBHEHUSIMA HAa MaTpPUU-
Hble 9AeMeHTEL TeM He MeHee B Teopeme 1.4.3 paboTsl [99] mpeACTaBAEHO IPOCTOE AOCTATOYHOE
ycAOBUe, Ipu KoTopoM GyHKTOP S — G(S) 6yaer adpdpunmoit rpymmoit cxemoit. Obo3HaUUM Ye-
pe3 R[xq,...,X{); TOAMOAYAD MHOTOYAEHOB CTEIIEHHU, HE IPEBOCXOASINER . CAeAyIOIast AeMMa

siBAsiercst CaepcrBueM 1.4.6 B [99).

Jlemma 34. ITycmw fq,...,fs € Z[x1,...,X] — MHO204AEHBI, CTMENEHU KOMOPHIT HE Npe-
gocxodam v u A — nopootclerHHwvld umu udean. Tozda 0an mozo wmobu, pyHxkmop S +—
Fixs(fy,...,fs) 6vn appurrol epynnosoti cremoli docmamowHo, 4¥mobsb. paHz mepecexe-
HuA A N R[X1y. .., Xt]; 6B NOCOAHHBIM NPU PEOYKUUU NO MOOYA0 P 04 8CET NPOCTNBLT

wucen p € 4.
[IpuMmeHUM 3Ty AeMMy AAST npeanra A =Y B Z[x].

Jlemma 35. ITycms 1 = ml+ 1, 20e m,l € N. Tozda gpyrxmop R — Gy(R) asasemcsa

agppurHoU epynnosoli cxemol Hal 7.
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Aoxasameavcmeo. IlokaxkeM, 9TO €CAU P — IIPOCTOE YUCAO, TO BCE MHOT'OYAEHEL fy,, IOPOXK-
Aarormue uaean Y, HE3aBUCUMEL 110 MOAYAIO P. AelCTBUTEABHO, IOAOUPAs 3HAUEHUE X[, MOMKHO
A0bUTHCST TOro, 4TOOBI OAHA U3 DOPM IpMHUMana 3HadeHUe +1, a ocTaabHBIE obparraaucs B 0.

B camowm aene, mycte ) U ... U I, = V; — pasbuenue mexoroporo ml-noamuoxecTBa Vj C [n].

IToaoxum Xy, 1= 1angj=1,...,1, m x; =0 AT BCEX OCTAABHBIX IIepeMEHHEBIX. [Ipom3BeaeHme
X1, ... X1, BXOAUT B EAMHCTBEHHYIO (OPMY, AASI KOTOPO# 1 MOCTpoeHo pasbuerue V; = I U. ..U,
TakuM obpasoM 3HaveHwe MHOrouAeHa fy, ects sgn(ly,...,I}) = £1. Il

Temepb, KOTAa MBI 3HaeM, 4To Gy 3To aArebpamdecKas TPYIIOBas cxeMa, Hallelt 6amKaiimeit
IIEABIO CTAHOBUTCSI AOKa3aTeALCTBO ee coBmapeHusi ¢ A" GL,. AAsl 9TOro CHOBa BOCIIOABL3YEM-
cst Aemmoii 29. C yueToM pPe3yAbTaTOB IOCAEAHUX ABYX IaparpadoB HaM HEOOXOAWMO TOABKO
IIPOBEPUTH TAAAKOCTh Gy 1 coBmaperme A GL,(K) u €$(K) AAST aATebpardyecKy 3aMKHYTHIX
ImoAel. 3aMeTHM, YTO AOKA3ATEABCTBO CAEAYIOIIErO PE3YABTATA IIOAHOCTHIO MACHTUYHO AOKA3a-

TeABCTBY ¥ TBepxAeHuS 30.

YrBepxkaenue 36. [Tycmv K — anzebpauvecku 3amrxHymoe noae, moaoa

m —=0
A" GL,(K) = GY(K).

Ocraaock IIOKa3aTh, YTo cxeMa Gy TAapKasi, TO eCTh, (DaKTUYECKM, BEIYMCAUTE Pa3MePHOCTD
COOTBETCTBYIOMEH aarebpsl Au. Kak 1 BhIIle, MOXKHO OTOXKAECTBUTL aArebpy Am Lie(Gy(K)) c
SIAPOM roMoMOpdu3Ma, KOTOPEIA & mepeBopasaT B 0 B Koablie ABoMHBIX umcen K[8]. [Toaydgaem,
gTO AAST MAeana Y aarebpa Lie(Gy(K)) cocromT ms maTpur g = e +yd, rae y € My (K), yaosae-

TBOpstfomux yeaoBusaM Ty, (gx'y..., gx*) = Ay, (g)fy, (X', ..., x*) + 3 c(V;, Vi)fy (x!, ..., x¥) ans
P2
Beex 1 <j<pux',...,x*¥€ KN,

Teopema 37. Aas ar060z0 noas K pasmeprocms anzebpv, Au Lie(Gy(K)) ne npesoczodum

n?.

Aoxasameasvcmeo. IlycTs g — MaTpHIlA, YAOBAETBOPSIONIAS YCAOBHUSM BEITIE AAST BCeX 1 < j <
pux',...,x* € KN. TloacraBasisz g = e+yd u, moab3ysick k-AunelHOCTEIO hopM fy,, oAy IaeM,

4TOo AAS Afoboro 1 < j < p BHITOAHEHBI:

1.2 K 1 k=1 . Kk
é(fvj(yx X5y X ) (X X Yx ))
= (Ay;(g) = Dy (! )+ (V3 VO fyg (! “)
= (Ay;l9 VX .oy X CLVyy VUTViX ey X)L
14

[IpoBepmM, 9TO SAEMEHTHI MATPHUIILI | YAOBAETBOPSIOT aHAAOTUYHBEIM AMHEHHBIM COOTHOIIEHY-

sIM, 9TO X B AOKasaTeabcTBe Teopembr 32. Ilo mocrpoermio dopma fy,(er,...,ey) = 0 ars

Aroboro Habopa Ij,...,Ix € A"V, 3a uckatouenuem caydaes, Korpa {I;} siBasitorcst pasbuenuem

MHOXKecTBa Vj = I L ... L L.
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o BEcam d(I,]) < m—2 (IU]J| > m + 2), To y;; = 0. AeficTBUTEABHO, TOrAA CyIIe-

CTByeT HabOp IIOMAapHO HEINEPECEKAIOIINXCS MHAEKCOB I, ..., I, € A" (V] AN I) TaKOM’, 4TO
d(J,L) = d(J, L) = 1= d(J,L4) = ... = d(J, k) = 0. Toaoxxum x' := e}, x! := ey,2 <
L < k. Toraa fy, (x',yx?,...,x*) = ... = fy, (x',x%,...,yx*) = 0. U3 aToro caepyer, 4To

fy, (yx', x%, ... x¥) = 2y = 0.

e Ecam d(I,]) = d(M,H) = m — 1, Toraa y;; = F+Yynm. B 3TOM caydae cymecTBy-
eT Habop Habop NONmapHO HeImepeceKaroImumxcsi WHAEKCOB M, Is, ... Iy € /\m<\/j N I)
tako#t, uro d(J,M) = 1 u d(J,13) = ... = d(J,k) = 0. [Toaoxum x' := e}, x* =
em,x' == e,3 < 1 < k um obosmaumm wepes H mmperc Vi N\ (JU L, U ... U L).
Toraa fy,(x',x%,yx®,...,x*) = ... = fy(x",x%...,yx*) = 0. Us sroro caeay-

.oox8) = 0. Ho fy(yx!,x%...,x) =

er uro fy, (yx',x% ..., x*) + fy,(x',yx?, x
sgn(l, M, I5,..., L) - yrp, a fy, (x yx?, %%, . x%) = sgn(J, H, I, ..., L) - Yrm

e Hakomer, AAST AMarOHAABHEIX 3AEMEHTOB BBIIOAHEHO YCAOBHE Yii — YmM = YH — YJ,J,
rae d(I,]) = d(HLM) =0z IUJ = HU M. CymmectByeT Habop IOIApHO HeNEpPECEKAo-
IUXCST MHAEKCOB I3, ..., I € A" (V] \ (TU ])), To ecthb I, ], I5,..., Iy ssBAsteTCcst pa3bueHuem

2

MHOXKecTBa Vj. Iloaoskum x! = ep,x? = e],xl = ey, At 3 < 1 < k. Torpa, 3amMeTuB 4TO

Bce dopmet fy, (x'y...,x*) =0 ans 1 # j, moayaum

(}\B]’ (9) —1) = 6(UI,I +Yj)tYnn ... +yIk»Ik)°

C apyroit croporsr H, M, I3, ..., I} Toxxe sBAsieTcss pasbuenneM MHOXKeCTBa Vj, Tae [U] =

1

H U M. TToacraBass x! = ey, x? := epm, x' := ey, ans 3 < 1 < k, moaygaem

(Ag;(g) = 1) =8(Ymm + YnH +Yiz,5 + - - + Y1)

ObbeanHss TOAYYeHHBIE PAaBEHCTBA, BUAMM, ITO Y11 + Yj,j = YMM + YH,H-
TakuMm obpa3oM, Tak)Ke KaK ¥ AOKa3aTEAbBCTBE TeopeMbl 32, pPasMEPHOCTL aATedbpel Au
Lie(Gy(K)) me mpeBocXoAWT N?: 3AEMEHTEI yy = 0 c d(I,]) < m — 2 He BHOCAT BKAaA B
pasMepHOCTb, 3aeMeHTEL Yij ¢ d(I,]) = m — 1 BHOCST BKAAA paBHBIL N(n — 1), u, HakoHeII,

AMaroHaAbHBIE SAEMEHTHI Y] BHOCST €IIe AOHOAHI/ITeAbeIfl BKAAA TL. O

TaxuM obpa3oM MBI IIPOBEPUAM BCE YCAOBUS U3 JAeMMBI 29, U MOXXEM 3aKAIOYUTH, YTO
m
A" GL,(_) coBmapaeT co crabuarmsaTopoMm maeara Y. AOKa3aTEALCTBO 3TOIO PE3YAbTATa UAEH-

TUYHO AOKA3ATEALCTBY TeopeMbl 33.

Teopema 38. Ecaun = ml+1, 2de m,1 € N, mo umeem mecmo usomoppusm Gy = A" GL,,

aPPUHHBLT 2pynnosvir crem Hao Z.
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2.4. Teopema o HOpMaJIT3aTOpeE.

Teopema 39. ITycmv R — xommymamugHoe xKoavyo u nycms n > 4. Tozda
N (/\m En(R)) =N (/\‘“ SLn(R)) = T.ran(/\‘“ E.(R), A" SLn(R)) = A" GL,(R),
20e 8ce HOpMaAU3AMOPBL U Mparcnopmepsv, bepymcs 6 GLy(R).

Aoxasameavcmeo. OueBupno, uro A" GL,(R) < N(/\m SLn(R)). A mo Teopeme 4 BepHO,
gro A" GL,(R) < N(/\m En(R)). C aApyroif cTopoHbl 06a HOpMaAX3aTOpa N(/\m En(R)) i
N(/\m SLn(R)) OYEBMAHO COAEPKATCS B Tran(/\m E.(R), A" SLn(R)>. TakuM o6pasoM, AAS
3aBEPIIEHNSI AOKA3aTEABCTBA TEOPEMEI AOCTATOYHO IIPOBEPUTH, YTO Tran (/\m E.(R), A" SLn(R))
copepxurcst B A" GL, (R).

ITycts rpynma A" GL,(R) 3apaeTcss opHOM MHBapMAHTHON (POPMOM, TO €CThb N AEAUTCS Ha
m. PaccmoTpum Aobbie g € ’I‘ran(/\m E.(R), A" SLn(R)) u h € A"E,.(R). Toraa a := ghg™'

mpunapaesxxut A™ SLy, (R) u moromy:

anast Beex X', ..., x* € RN, TToacraBass (gx', ..., gx*) Bmecto (x!,...,x¥), moayumm
f(ghx',...,ghx*) = f(gx',..., gx¥)

MM BCEX X, ..., x* € RN. Paccmorpum dopmy D: RN x ... xRN — R, ompeaeaeHHyI0 TpaBUAOM

D(x',...,x") ==f(gx',..., gx").

AAS ATO6EIX X', ..., x* € RN u ans Bcex h € A" E,,(R). TakuM obpazoM, popma D mHBapumaHTHA

mop, Aeticteuem rpynnsl AT E, (R). TTosTomy
D(x',...,x) =X f(x,...,x")

AAst HekoToporo A € R. Tak Kak 3TO pacCyXKAeHUe BEPHO ¥ AAS ¢, TO KOHCTaHTa A obpaTmMa.

CaepoBaTenbHO, g mpuHaaaexuT rpynme Gq(R), koropast mo Teopeme 33 comapaer ¢ A" GL, (R).
O

CaeacrBue 40. B ycaosuar meopemat,

Tran (A" En(R), A" GLn(R)) = A™ GLy (R).
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Aoxasameavcmeo. TpebyeTcst A0OKa3aTh, 9TO eCAM AAs HeKoToporo g € GLy(R) BepHO BRAIO-
vyenue (g, \" E,(R)] < A" GL,(R), Toraa g € A" GL,,(R). AeiicTBuTeabHO, 10 Teopeme 4 BEPHO

CAECAYIOIIMEE BKAIOYIECHIE.

(9, A" Bn(R), A" By (R)] < A" B, (R).

A rak xak rpynma A" E, (R) coBepinenHa, TO, NCIOAB3YSI AEMMY O TPEX IOATPYIIIAX, IOAYIAEM
g € N(A"E,(R)) = A" GL,(R). 0
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3. PA3NO>XEHVE YHUIIOTEHTOB

B HacTosiITel TAaBe MEI IIOCTPOXM TPAHCBEKIUH, C IIOMOIIBIO0 KOTOPEIX OYAET OCYIIECTBASITE-
CsI KAIOYEBOIA IIIar B M3BAEUYEHNN HETPUBUAABLHOTO KOPHEBOI'O YHUAIIOTEHTA B CXEME CTAHAAPTHOTO
OIIMCAHUs HaATPYII ¥ APYTHX 3apAadd, cM. [13; 17—19; 31; 32; 84—86; 91], a Takxxe pabory [96],

TA€ COAEPIKUTCSI MHOTO AAABHEWIIINX CCHIAOK.

3.1. Teopembl crabunnzanun. B OMBEKTOPHOM IPEACTABAEHUM MBI IIOCTPOUM TPAaHCBEKIIUIO
T.;B N En(R), CTabMAM3HPYIONIYIO IPOX3BOABHBIN CTOAGEL] MATPHIEL g B GLN(R). Oazako B 06-
IIeM CAydae IIPOW3BOALHON BHEIIHe! CTeIeHN IOCTPOUTh TPAaHCBEKIMIO |, ; He IPEACTaBASIETCS
BO3MOYKHEIM. DTO CBSI3aHO C OBICTPHIM POCTOM BBIYETA TPAHCBEKIIMM IIPYU YBEAWYEHUN CTEIIEHU
m. HamoMHMM, 9TO BEIYET res (/\mti)j(é)> paBeH OGMHOMMAABHOMY KO3(MDDUIUEHTY (:;%) Aaxxe
AAST BHEITHETO Kyba He CYIeCTBYET TPAHCBEKIIUM, CTAOMAMBUPYIOMEH CTOAOEI] IPOM3BOABHON

MaTpuusl 3 rpynnsl GLy (R).

Teopema 41. ITycms W npouseoavrsiti eexmop 6 RN, n > 3. IToaoocum

T.j = [ [ N'tsi(senls, j)wy), 2dej € l.
s#]

Toz0a T,;-w =w.
Samevarue 42. AHAAOTMYHO, 3AEMEHT I, = H/\Zti,s(sgn(i,s)zis), i € [n] crabuaumsupyer

s#L
IIPOM3BOABHYIO CTPOUYKY Z € NR, TO €CTh, Z - Tiy* = Z.

PackpoeMm udero dokazamenbcmea u cnocobvl. noasaerus gopmya B reopeme 41. ITo dop-
MyAe (1) BHEIIHSIST TPAHCBEKIIUST /\Zti,j (&) MoxkeT OBITH IIPEACTABAEHA KaK IIpou3BeAeHuE (1 —2)
3AeMeHTapHBIX TpaHcBeKIumil. Takum obpasoMm T, ; 3To mpomsBeperue (n—1)- (n—2) snemeHTap-
HEIX TpaHcBekuuit B En(R). Aast cayygast n = 5 TpaHcBeRnus T, 5 3TO IPOM3BEACHNE CAEAYIOMINX
KOPHEBEBIX YHUIIOTEHTOB: T, 5 = Xotastastou (FWI5) * Xagtrastas (FW25) * Xagtaa (FW35) * Xo, (FWas).

B TepMumHax saeMeHTapHBIX TPaHCBEKIU [, 5 PaBHO

12,25 (—W15)t13,35(—Wis) tiaas (—Wis) - 12,15 (FWas ) t3 35 (—Was ) tas 45 (—Was)

113,15 (FW3s ) 12305 (FW3s ) t3a 45 (—W3s) - 11415 (FWas ) tos 25 (FWas ) 134,35 (+Was).

Ha pucyuke 4 MBI ITOKa3aAM BCE 3T TPAHCBEKIUK. Pa3AWYHEIE TUILI CTPEAOYEK COOTBETCTBYIOT
Pa3AMYHBLIM VHUIIOTEHTaM. 3aMETHM, YTO 3HAKV B BBIPAKEHUSIX BHIIIE IIOSIBASIOTCS IIO OIpe-
AEAEHUIO BHEINHUX TPAHCBEKIUA. A mmenHo, uHpekcel | = {i;,1,},] = {j1,]j2} B BBIYUCAEHUSIX
HeobsI3aTEABHO IIOSIBASIIOTCSI B BO3PACTAIOIIEM IIOPsSIAKE. TakuM obpasom HaM HEOOXOAWMO BBI-
gucAnTD sgn (i1, j1j2) = sgn(ir, i2)-sgn(ji, j2). CarepoBarenrno, tij(&) = toqn) () (sgn(o) sgn(m)é&)

rae o(l), 7t(]) B Bo3pacTaromeM IOpPSIAKE.
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Puc. 4: Tparcseknus T, 5 Ha BecoBoil Amarpamme (A4, @;).

Aoxasameavcmeo meopemv. 41. Tpancsexkius T, ; AefCTByeT Ha BEKTOp W A0DGaBAEHNWEM BEI-

pa)KeHI/Iﬂ
z(p, q,j) := sgn(pq,jq) sgn(p,j)wpiwjq + sgn(qp,jp) sgn(dq, j)wewjp
K (“21) KOOPAZHATAM Wyq, PG € A'(n]\ j), To ectb (TajW)pq = Wpq + z(p, q,j). Heobxopmmo

IIPOaHAAM3MPOBATEL 6 CAydaeB aAsg ducea 1 < p,q,) < n. Hurke MBI IpuBOAUM aHAAU3 ITUX

caydaeB. Ham HeOOXOAMO TOABKO IIPOBEPUTH, UTO BEIPA’KEHUS Z(P, (,j) OOHYASIOTCS.

(=D (D) wpwiq + (1) (F1)wgwy, =0 arst p < q < j;

)
o (+1)(+1)wpwjq + (1) (=1 wgiwjp, =0 a1 p < j < q;
o (+1)(=1)wpwiq + (—1)(=1)wgwy, =0 anst j < p < q;
o (—1)(=T)wpwiq + (+1) (=1 wgwj, =0 prstj < q < p;
o (+1)(=1wpwjq + (+1)(+1)wgiwjp, =0 panst q <j < p;
o (+1)(+1D)wpwjq + (=1)(+1)wgwjp, =0 anst q < p < j.

]

ITycts Teneps g — Marpuna B A" GL,(R), To ecTb CTOABIIBL g, YAOBAETBOPSIIOT COOTHOIIIE-
uusim [Iatorkepa. [TocrpouMm Tpanceekmuio B A" B, (R), cTaBUAMBHPYIONIYIO CTOAGEI] C UCIOAB-
30BaHUEM ypaBHeHUH [IAtoKKepa.

Vpess TOCTPOEHUST MATPUIBI COCTOUT B CAEAYIOIIEM. 3apMKCAPYEM BEPIIMHY Ha BECOBOH
pmarpaMMe (=3adUKCUpPYeEM OAHY KOOPAWHATY B IIPOM3BOABHOM BEKTOPE) M IOADEPEM BHEII-
HUE TPAHCBEKIIUM TaK, YTOOLI PE3YABTATOM KX AENCTBUS HA 3Ty BEPIIUHY OLIAO COOTHOIIIEHUE
[ThrrokKepa MakCHMaAbHOU AAMHEL (M~ 1). [Ipu 3TOM OKa>keTCsi, YTO Ha APYT'UX BEPIIXHAX AMA-
IPaMMBI PE3YABTATHI ACHCTBUMA TPAHCBEKINHN OYAYT TaK>Ke MHOTOYAEHEI [[AIOKKEpa Pa3AUYHBIX
AAuH. Tak Kak BeKTOp siBAsteTcst croabmom matpuisl B A” GLy, (R), Bce MHOrouAeHs! [IATOKKepa

PaBHEBL HYAIO I BEKTOP CTa6I/IAI/IBI/IpyeTCH.
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PaccmoTpuMm moacucteMy A, ., B (An, @), COOTBETCTBYIOIIYIO IMOCAEAHUM M + 1 Becam
(An, @) B AekcurorpapudeckoM mopsiake. Obo3HAUMM 4Yepe3 Y; KOPHU B IOACUCTEME A,
Ha4yuHAsi C MAAAIIEro Beca (A, @, ). Haopuwmep, ars (As, @), Y1 = 56,v2 = 46,v3 = 45, cm

PUCYHOK 5.

!

Puc. 5: A3 B (A5, @3)

Teopema 43. I[Tycms w — cmoabey, mampuuyst 6 2pynne N\ GL,(R), n > 2m+1. IToaoorcum
T] = /\mtm,mH (Ww )/\mtm‘erZ(_Wyz) s /\mtm,ZmH ((_] )mW'Ym+] ))

moezda mpaxceexyus I; cmabuausupyem cmoabey w: Ty - w =w.

Samenarue 44. AAsT BHENTHETO KBaApPaTa MOJKET IIOKA3aThCSI, UTO 3TO YTBEPIKAECHUE SIBASIETCSI
6onree crabeim, yeM Teopema 41. OpHAKO, B IOCTPOEHUY TPAHCBEKIIAY |1 YYACTBYIOT POBHO M1
BHEITHUX TPaHCBEKIWH AAS IPOM3BOABHOTO T, B TO BPEMS KaK AASI IOCTPOEHHUS [, ; KOAMIECTBO

9AEMEHTAaPHLIX TPAHCBEKIUE paBHo (M — 1) - (n — 2).
Aokaszamenvcmeo. TpancBeknus 7 3To Ipou3BeAECHUE YHUIIOTEHTOB
m.
Xom (+Wy1 )Xocm+ocm+1 (_WVz) L Xocm+ocm+1+...+oc2m ( (_] ) WYm+] )

OHo aeliCTByeT Ha BEKTOP W AOOaBAEHHMEM MHOTOYAEHOB [Iatokkepa fjimi1,. 2m+1) K (;‘;1]) KO-

opamHaTaM BekTopa W, Tae ] € A" ' ([n] \ m). A umesnHo,
(le)mU] = Wmnyj + f]‘{mH,m+2,...,2m+1}(w)-

Anmna MHOrOuAeHa IIATOKKePaA fjimi1m+2,..2m+1}(W) 3aBucumT oT Mommoct: | N{m + T, m +
2,....2m+ 1} Ecam [Jn{m+1,m+2,...,2m+ 1} = m — 1, Toraa 3To TpUBUAABHEI MHOTO-

uneH [Irtokkepa. [Ipy yMeHbIIEHNY MOUIIHOCTY IIEPECEUEHUSI AAMHA MHOTOYAEHA OyaeT Bo3pac-
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TaThb. MakcuMaAbHasI AANHA 6YA6T AOCTUTHYTa IIPU IIYCTOM IIEPECECUECHNU. Tak Kak KOOpPAMHATEL

BEKTOpPa W YJAOBAETBOPSIIOT COOTHOIIEHUsT [IAtoKKepa, TO BCE fj(mi1mi2,. 2m+1}(W) = 0. H

ITpumep 45. [Iycte m =2 u n = 5. Toraa

T = /\th,s (W45)/\2t2,4(—W35)/\2t2,5 (W3g) = Xocz(+W45)Xocz+oc3(_W35)Xocz+oc3+oc4(+w34)-

Bce muorounener IIatorkepa fius(w), rae i € [n] \ 2 Koporkue uam TpuBrarbHEE. Ecam i €
{3,4,5}, Torpa fi345(W) TpuBmareH u uMeeT BUA Wawp — wgwa = 0. UHaue, i € [n] \ {2,3,4,5},

fizas (W) = WysW3i — W35 Wyi + W3 Ws;.

AN N

_W35
— @

Puc. 6: Tpaucseknusi Ty Ha BecoBoil pAmarpamme (As, @;)

ITpumep 46. IIycts Tenepr m =3 u n = 7. B aToM caydae
T =N t34(Ws67) /\3’53,5 (—wae7) /\3t3,6 (Was7) N t3,7(—Wase)

U3MEHSIET (g) = 15 KoopayHAT BEKTOpa W. B TepMuHaX KOPHEBBEIX YHUIIOTEHTOB 3TO IIPOM3BE-

AEHHUE PABHO Xo; (+W567)Xas +os (—Wia67) X5 + g+ s (TWi57) Xas +ous s+ (—Was6 ). TOTA MHOTOYAEHBI

ITntorkepa f(ij) 4,567 CYLIECTBYIOT TPEX THUIOB.

6: Ilycrs {i,j} C {4,5,6,7}, Torpa ffij 4567 CHOBAa TPUBMAAEH, M COOTHOIeHHUE f(ij 4567 = O
yTBEPKAAET, 4TO ['paccMaHOBBEI KOOPAUHATEI KOMMYTAPYIOT.

8: IlycTb Tenmepd i uam j mpuHaprexxuT {4,5,6,7}. He ymansss obmuocTy 6yAeM CIUTATh, UTO
i= 4,] % {4, 5, 6, 7} Tor,n,a f{4,j},{4,5,6,7} = —X4j5X467 + X4j6X457 — X4j7X456 — MHOTOIAEH ANAMHEI
3.

1: Haxoner;, MakcuMaAbHast pAAMHA 4 OYAET AOCTUTATBCS, eCAl 1, &€ {4,5,6,7}. B aroMm caydae

f{i,j 14,5,6,7) = XijaXs567 — Xijs5Xa67 T XijeX457 — Xij7X456-

3.2. ¥YpaBHeHUsI Ha BHEIIHWE CTeIleHu. B 3ToM maparpade MBI IPEACTABUM PA3AUIHBIE

cepuu ypasHeHuit Ha cxemy A" GL,. AAst Hadara chOpMyAMpPYeM CBOMCTBO IPUHAAAEKHOCTH

2Hymeparyst I0 KOARYECTBY H3MEHEHHEIX KOODAWHAT B BEKTOPE W
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MmaTpursl g K A" GL,(R). ViMeHHO B TaKOM BHAE MBI IAQHUPYEM UCIOAL30BATH YPABHEHUS AAST
Pa3A0OKEHUsT YHUIIOTEHTOB. AAS 3TOTO PACIIMPUM OIPEAEAEHUE SAEMEHTOB MaTPHUILI Jrj AAS
MyAbTEMHOKeCTB | = {J"; u | = {ji}[*,. HanmoMHuM, 9TO MyABTHMHOMKECTBOM HAa3BIBAETCS
obbepUHEHNE HEOOSI3aTEABHO PA3AWYHEIX 39AEMEHTOB, TO €CThb 3TO ABOKKa (A,m), rae A — ba-
30BO€ MHOJKECTBO, @ m: A — Z, — (PYHKIUS KPaTHOCTU. Aanree, MBI OyAEM OIIyCKATh, TAE 9TO
€CTECTBEHHO, (DYHKIIMIO M u3 3anucu ABo#ku (A, m). Ecau (A, ma), (B, mg) — ABa MyABTHMHO-
JKECTBA, TO UX apuPmemureckot CYmmot Ha3bIBAeTCsI MYABTUMHOXXECTBO A+ B, cocTosimee u3
BCEX 9AEMEHTOB, KOTOPBIE IIPUCYTCTBYIOT XOTsI OBl B OAHOM U3 MYABTHMHOXKECTB, X KPAaTHOCTH
Ka’XAOT'0 9AEMEHTA PaBHA CyYMMe KPATHOCTEW COOTBETCTBYIOIIUX SAEMEHTOB B CKAAABIBAEMBIX
MyabTEMHOKeCTBaX: A + B = {ma g (x)x | maip(x) = ma(x) + mg(x)}. EcAr B MyAbTUMHOXKE-
crBax (I, m) mam (], m;) CyIIeCTBYIOT SAEMEHTEI 1) MAX j; TaKWe, YTO UX KpaTHOCTH M (i) uAm

m;(ji) Goarme HyAs, TO OyaeM cumTaTh, 4TO g1 = 0, HampuMep gi211 = g1 = 0.

Teopema 47. Ecau mampuya g € GLy(R) npuradaeosrcum epynne A" GL,(R), n > 3, mozda
oas mobwix undexcose B,D € A" [n] maxuz, wmo d(B,D) > m — 1 u 406020 mysasmum+o-

orcecmea 1+ ], 20e 1 € A ml,] € A (n], evinoarero paseHcmeso:
> sgn(A,C)gasgep =0,
A+C=I+]

20e cymma bepémcsa no ecem paszbUeHUAM MmyavmumHoorcecmsa 1+ | 6 m-snemenmmnoie

undexcot A u C us A" [n].

Aoxasameavcmeo. Tak kak Marpuna g € A" GL,(R), Toraa g AOAKHA COXPaHATH UAEAA
ITatokkepa Plu, mopoxaerHBI# MHOrouneHaMu IIatoxkepa frj, tae I € A" 'nl,] € A™"'[nl.

IIycts x € RN, Toraa

m+1 mtl
fy(gx) =D (=DMewi(@9ng = D | D (=D gk gngaL | xkx. (8)
h=1 KLeA"m) \=T

O6o3HaunM uepes aﬁ% — KO3(PUIMEHT IPU MOHOME XX, KOTOPHIA, OYEBUAHO, UAECHTUIEH

KO3 PUIIEHTY IPU X[ XK. loraa a'f;}] MO>XHO IIPEACTABUTH B CAEAVIOIIEM BHAE

aﬁL]: Z sgn(A, C)gakge,r,

A+C=I4]

TAe CyMMUpOBaHUe Oepé€Tcsi o BceM pa3bueHmeM MYABTMMHOXecTBa | + | Ha maper m-
3AEMEHTHBIX ITOAMHOXeCTB A u C. AAsT 3aBEpIEHNUSI AOKA3aTEABCTBA OCTAAOCH 3aMETUTH, UTO
YCAOBUE COXPaHEHUS MAeara Plu rapaHTUpyeT PaBEHCTBO HYAIO BCEX KOI(PPUIIMEHTOB a'ff] B

dopmynre (8) mpm d(K,L) > m—1. O

AJ&H BHEIMHEI'O KBajApaTa MBI MOXXEM HaAIIMCATb HE TOABKO CBOfICTBO, HO 1 KpI/ITepI/Iﬁ IIpu-

HapANACIKHOCTH MATPHUIIBL, UCIIOAB3YS 3TO AOKAa3aTEABCTBO.



45

Vreepxkaenne 48. Mampuua g € GLn(R) npunadaesrcum epynne N GL,(R) mozda u
mMoAvKo mozoa, K020a 8epHbL CAECOYOULUE PABEHCMEA!

e Aas arobozo H € N'nl u das scex B,D € Nn] maxuz, vmo BN D # B, evinoanero:

ay®(g)= )  sgn(A,Clgaggep =0;

ALIC=H

e Aas arobozo H € AN u arnbuz B,D,B’,D’ € Nn] maxuz, vmo BUD = B'UD’ u

BN D =0, evnoarero:
sgn(B, D) - a;P(g) = sgn(B’, D) - ai""'(g).

Hamomuum, uto rpynna A” GL, (R) sBAsieTcst cTaBUAM3aTOPOM MHBAapPUAHTHON hOPMBI AL
upeanra opM. VCIoAB3ysT 3TOT aKT, MBI IPEACTABMAM €IE OAWH BUA YPAaBHEHUN, OIPEAEASI-
IOIIKX TIPUHAAAEKHOCTh MaTpunbl g € GLy(R) x rpymme A" GL,(R). Aast mpocToThl 6yaem
paccMaTpUBaTh HEMCKAIOYUTEABHEBIA CAydYail eAMHCTBEHHOR (bOpMEI, TO €cTb k := - > 3 —
HATypaAbHOE M M YeTHO. AOKa3aTEABCTBO AAS HEYETHOTO M aHaaormuHo. [lo Teopeme 27 y

m
rpynnel A" GL, (R) cylmecTByeT MHBapuaHTHASI IOAXMHOMUAABHAS PopMa

f(x! ngn Iy, ) X, X

A€ CyMMHupoOBaHUWe OepéTcs II0 BCEM YIOPSIAOYEHHBIM pasbWeHusIM MHOXKeCTBa [n] B m-
3AEMEHTHBIE IIOAMHOMeCTBA I, ..., [. BBeaéM obo3HaueHNE YaCTHON TPOM3BOAHON MHBAPUAHT-

HOI ¢opMEI f:

fr(x?, ..., x5) = f(el, x? ngn (I, I,...,1 )xIZ xlfk,

A€ CYMMUPOBaHUE OEpETCsT IO BCEM YIOPSIAOUYEHHBIM pa3bumeHumsiM MHO)XecTBa [n] \ I Ha m-
9AEMEHTHBIE IIOAMHOEeCTBA I ..., I}. KpoMe aToro aast Atroboro Habopa mOMapHO HEepeCceKaro-
muxcst mEAeKcoB Z == {I,,..., I}, rae I; € A"[n] obozraunm wepes Z unperc [n]\ (LU... UL ) €

A" [n], To ecTb 3TO pomOAHEHUME Habopa Z A0 IIEAOTO MHOXKeCTBa [n).

Teopema 49. ITycms k = = > 3 — namypaavroe wucao. Mampuya g € GLn(R) npuradae-

orcum zpynne \" GL, (R) moeda U MOABLKO M020a, K020a 8bINOAHEHDL CAEOYOULUE YCAOBUA.

o Aas ecex undexcos Ij,..., I, € A"[n] maxuz, wmo cpedu Habopa I = {I,,..., L}

ecmsb 0684 MepecexaroULUTCA, mo ecms maxux, wmo cyuecmseyrom 2 < 1 #1, < k
d(L,, L,) > 1, umeem

1, (Gey Ox,lay - - -5 G ) = 05

o Aaa ecex undexcos Ii,...,Ii,J1,...,Jx € A"[n] maxuz, wmo cpedu Habopos I =

{Iyy..., Lk, T ={J2y..., Jx} Hem nepecexarowuzcs, mo ecmsv Makux, Mo OAi 406D
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2< L #L <k d(Ly, I,) =d(Jy, Ju) =0, umeem

Sgn(7> IZ) ey Ik)glj’]] fI] (9*,12> I g*,Ik) - Sgn(fa IZ) ey Ik)g%’h f]] (g*,]z) ey 9*,]k)-

Aoxasamenvcmeo. Ilycts g € A" GL,(R), Toraa cyImecTByeT MyAbTHIALKATOP A(g) € R* Ta-

1

KoM, 9TO AAS Beex X', ..., x* € RN Brmoaneno

Fgx', ., gx5) = A@)F(x, ..., xH). (9)

3aMeTHM, YTO 3TO YCAOBHE PAaBHOCHMABHO TAaKOMY K€, TA€ BMECTO Habopa BEKTOPOB X' MCIIOAD-
3ytoTcs basucHble BeKTOPH ' ans Bcex I € A" [nl.

[TycTs cHawana cpeprt Habopa Z = {1y, ..., [y} ecTh ABa HHAEKCA C pacCTOSIHUIEM OOABIIE HYAS.
AAsT KpaTKOCTH 3amucy 6yAeM CIMTaTh, 9TO 3TO MHAEKCH [, u I3. Toraa ycaosue (9) skBuBa-
nenTHO f(gell, ..., gel*) = 0 aast Bcex I}, 1 # 2, 3, uTo skBuUBaneHTHO f(x', ge'2, ..., gel*) = 0 ans
Bcex x' € RN u I, € A"n],1 > 4. A 3T0 ycAOBUE, B CBOIO OY€PeAb, SKBUBAAEHTHO 3asIBACHHOMY
ycaosmio f(el', ge'2,..., ge'*) = 0 aast Beex 11, Iy, ..., I € A"[n].

PaccmorpumMm BTOpoi#t caydwait. IlycTh cpepu Habopa Z HET IIepPECEKAIOIIAXCSI WHAEKCOB.

Toraa paBeHCTBO (9) sKBUBaAeHTHO ToMy, uTo f(gx', ge2,..., ge'™x) = A(g)f(x', e2,..., el*) ans
Bcex x' € RN. Ecam Bmecto x' B3sTe BekTOp g 'x!, Toraa moayumm f(x',ge'z,...,gelx) =
Ag)f(g'x',e2,...,e) ans Bcex x' € RN. AocraTouno Tpe6oBaTh BBLIIOAHEHWS 3TO-
rO YCAOBHS TOABKO AAsT basucHoro BekTopa x' = el', To ects f(el,ge?,...,ge'x) =
Ag)f(g'el ez ... el). NeBas 4WacTb mOCAEAHETO YCAOBHSI CHOBA €CTb T, (Gulyy---) Guly)-

[IpeobpaszyeMm IpaByIO JacTh:

}\(g)f(gqeh ) elz’ K] elk) = }\(g)f(gl,h ) elz) XD elk) =

= A(g) Z g£’11f(eIL,eIZ,...,eIk) = A(g) sgn(Z, 1,,. ..,Ik)g%’h.
LeA" mJ

Urobsl 730aBUTHCS OT MYABTHIAMKATOpPa A(g), HEOOXOAMMO PpacCMOTPeTh APYyro#r Habop
Jiy .oy Jx € A"[n] ¢ Hemepecekatomumucst Jy, .. ., Ji.

[Iycts Teneppr H — adbdurHAST cxeMa Hap Z, OIPEAEAEHHASI YPAaBHEHUSIMY U3 (POPMYAUPOB-
Ku TeopeMHl. Tpebyercs aokasarh, uro H(R) C A" GL,(R) arst AokaabHOrO KoAbla R. ITycTs
M — MakcuMaAbHEI uaean R. U3 mepBoit cepun ypaBHeHmit caepyeT, aTo f(gel’,..., ge'x) =0
AASL BCEX MHAEKCOB Ii,..., I € A"[n] Takux, uro cpepu I, ..., I ecTtb mepecekarommuecsi. Ta-

KM 0Opa3oM AASI 3aBEPIINEHUSI AOKA3ATEABCTBA OCTAAOCH TOABKO HalTum A € R* Takoe, 4TO

— / m
1, (Gulny - -+ Gx1.) = Asgn(Z, Iz,...,Ik)giI1 MAST BCEX MHAEKCOB Iq,...,I € A"[n] Takux, gro
cpepu Iy, ..., [y HeT mepecerarIIUXCS.

MAoka>keM BHadaAe, YTO CYINECTBYIOT MHAEKCHI Ii,...,Ix € A"[n] ¢ Hemepecexarommumucs

L, ..., Iy Takme, uTO 9%,11f11 (gx,y+-+»9x1.) € R*. IIpeammorosxkum obpaTHOE, TO €CTb AAS BCEX
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Ii,...,Ix € A"[n] c menepeceraromumucs I,..., I;: glf,hfl‘ (Gxloy--+»9x1,) € M. Bamerum, ITO
HasiayTesa Iy, ..., I € A"[n] c Henepecekatomumucs Iy, ..., I, Takue, 4To g’f)I1 € R*, ans aToro
AOCTAaTOYHO IIPM (DUKCUPOBAHHLIX I, ...,Ix BapbuposBath ;. Kpome aToro, Ha##ayTcst Apyrue
Jiy--+yJx € A"[n] c Henmepecekatomumucst J,, ..., Jx Takue, 970 f},(gey,y .-+, guy) € R*. B ca-

MOM A€A€, MHAYe NpPHU AOOBIX PUKCHPOBAHHBIX Ji,]; € A"[n] ¢ yuéroMm ypaBHeHM Ha mapy

bAn3KuX CTOABIOB uMeeM fj, (gujyy- -y Guj) € M AAS BCEX J34..., ]k € A"[n]. Orciopa caepyer
no AumHe#HOCTH, 9TO fJ, (g )y, X, ..., X*) € M anst Bcex X%, ...,x* € RN. Ho aro 3Hauwr, uro
1], (Gugsy €2, « oy € ) = £gmp(hutsu.uty)), € M past Beex i, Ls, ..., Ly € A"[n], 9To HeBO3MOXK-
Ho. CAep0BaTEABHO, glf,hfh (ge,loy+-+»Ox1) E M1 9%,11]011 (sJay«-+»9xJ.) € R*, uTO IPOTHBOpE-
quT TOMY, uTO ¢ mpuHapAexxuT H(R). Takum obpasoM CymiecTByIOT MHAEKCH Ii,..., I € A" [n]
C HellepeceKaromuMucs I, ..., I} Takue, 9To 9%,11‘011 (gx,oy+ - +» 9x,1.) € R*. IIycT® Torpa

_ -1
A= Sgn(I, Iz, ooy Ik) (g/ih) fI] (9*,12, ey g*,Ik).
[

[TonyueHHBIE ABE CEpUM PABEHCTB HA3LIBAIOTCS YPABHEHUSIMU Ha HAO0DP 6AUSKUT cMoaby08
u 0sa Habopa Oaséxuxr cmonabyos. VIMEHHO B TaKOM BUAE MBI IIAAQHUPYEM KX KUCIOAL30BAThb
B IE€PBOHAYAABHON 3aAade OMMCAHUS HAATPYII dAEMEHTApHBIX rpymnia. OAHAKO 9acTo yAOOHO
KCIIOAB30BATh YPABHEHUSI, B KOTOPHIX IIPUCYTCTBYIOT BCETO ABa CTOAOIIa. BBepéM obosHaueHUsT

APYTO#l YacCTHOM IIPOM3BOAHOM WMHBapUMaHTHO! GOPMEI f:

i, (%, y) = f(x,y, eI3> ceey eIk) = Z sgn <]1>JZ> Ly...y Ik>xl1ylz>

A€ CyMMUPOBaHuE OEPETCS II0 BCEM YIIOPSIAOYEHHBIM pasbumeHnusiM MHOXKecTBa [n]\ ([3U...UI})
B IIapHl M-3AEMEHTHBIX IIOAMHOXECTB |1, J,. AHanroruuro Teopeme 49, IOAYYAIOTCS yPAaBHEHUSI

Ha napvt baudxur u 08e napv. 0afEKUT CMOoAbY08.

Teopema 50. ITyems =~ € N. Mampuya g € GLn(R) npunadaesrcum epynne A" GLn(R)
moada U moavko mozoa, K020a 8bINOAHEHDL CAEOYOULUE YCAOBUSA.

o Ans mobviz undexcos Iy, ..., I, € N"[n] maxuz, wmo d(I;,1;) > 1, umeem

i, 0 (Gu1y Gx) = 0;

o Ansa arobwvix ey Habopos undexcos I, ..., Ik, J1,..., Jx € A"[n] maxuz, wmo d(I;, 1) =

d(J1,J2) =0, umeem

Z Sgl’l(h ) IZ) LS) DRI Lk)gll_3,]3 s gll_k,]k ' f13,...,1k(g*,11 ) 9*,12) =
LeA"m

= Z Sgn(I])IZ) L3)"‘)Lk)9{_3,13 "'g{_k,lk ' f]3v“»]k(g*)]]’g*1]2)'
LeN"m
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3.3. ObparHoe pa3joxkeHue YHUIIOTEHTOB. ChopMyArpyeM BapUaIlWio PA3AOKEHUS YHUIIO-
TEHTOB AASI BHEITHUX CTeIleHed — “‘0bpaTHOEe pasno’KeHUe VHUIIOTEHTOB'. YTOYHUM AAS STOT'O
TIOHSATHS, CBSI3aHHbBIE C KOHI'PYSHI-IIOATPYIIIIAMY II0 MOAYAIO HA€and, BBepeHHBIE B §1.5. Byaem

HNCIIOAB30BATh NACHTUYIHOE obozHaueHNEe PA AAA CAEAYIOIIIETO I‘OMOMOde)I/IBMa PEAYKIINNU:

pa: N"GL,(R) — A" GL,(R/A)

a — a=(ay)

sSIapo romomopdusma pa obosuagaercss A" GL,(R,A) u HaswelBaeTcs 2aa8Hol (ommocumens-
Hol) KoH2pysHy-nodzpynnot yposrsa A. ObosHauuM MOAHELA mpoobpas merrpa A™ GL, (R/A)
mmop, AefictBueM romomopdusma pa depes C A" GL, (R, A). Takas rpynmna HasbIBAETCS NOAHOU
(ommocumenwvrotl) KoH2pysHYy-nodzpynnot ypoers A. 3ameruM, uro rpymmasl A" GL, (R, A) <

CA"GL,(R,A), A" GL,(R,A) u CA" GL, (R, A) siBasttoTcst HopMmaabubiMu B A" GL, (R).

YrBepxkaenue 51. ITycms R — xommymamueroe xoavyo, n > 3. Tozda daa arobozo ude-

ana A < R svinoarero caedyrowee pageHcmeso:
[CA" GL,.(R,A),A"E,.(R)] = A"E.(R,A).

OTOT pe3yAbTAT HA3BIBAETCI CMaHOAPMHOU KOMMYMAUUOHHOU Popmynsoti. OH AOKa3EBI-
BaACS MHOT'OKPATHO Pa3AMYHBEIME aBTOpaM¥ B paboTax Ha pa3Hble TEMATUKY, HAIIPEMED, B pa-
6ore [61].

m o

DNanee, seprrum ypoerem Marpunbl g € A" GL,(R) HasblBaeTcs HauMEHBIIWH HAean
I = lev(g) < R Takoit, uto g € CA" GL,(R,I). Tak >Xe Kak u B CAy9ae IOAHON AWHEHHON
IPYNIbl, BEPXHUHE YPOBEHD NMOPOXKAAETCS BHEAMATOHAABHBEIMU dAEMEHTaMu Jij, | # | u momap-
HBIMI Pa3HOCTSIMI AMarOHaABHBIX 3AEMEHTOB Ji1 — gjj, | # J. 3aMeTnM, 9TO AOCTATOYHO pac-
CMaTpUBaTh TOABKO PyHAAMEHTaAbHBIE Pa3HOCTH (i1 — Jii, TA€ | — 3T0 caeayromuit MHAEKC

m o
mocae [ B A" [n] mpu aexcurorpadpudeckoM mopsiake. TakuMm obpasoM BepxHUE ypoBeHSb lev(g)

2
TIOPO>KAAETCST (;‘1) — 1 sAeMeHTaAMH.

Jlemma 52. ITycmo Py := A t;(1)A 4:(—1)A (1) € A"E(n,R), 20e 1 < i#j < n. Tozda
ons nrobozo undexca k # 1,j u arboezo & € R HenocpedcmeeHHbiM 8bLHUCAEHUEM E8BLTLOAHEHO
caedyroulee NPasuUN0 CONPANCEHUA BHEWHET MPAHCEEKUUU:

o PRATE(E) = A"t (E);

o MIA";(E) = Atix(E).

Iyctb g € A" GL,(R) m h € A"E,.(R). MaTrpuna Buaa g*" HasblBaeTcs saemeHmMapHol

(eHewretl) g-conpastcéHHOU.

Teopema 53 (ObpaTHOe pasnAO>KeHZE YHUIOTEHTOB). [Iycmsd R — xommymamueroe Koab-

yo, n > 2m+1 u g € A" GLy(R). Tozda dasn arwbozo & € lev(g) mpanceexyus Nty (&)
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npedcmasasemcs 8 sude npoudsedeHus He boaee “em 8((:1)2 — 1) SNEMEHMAPHBIT CONPA-
HCEHHBIT K g U g ', a umenno Oaa mobviz 1 < k #1 < nwulJec A"nl,d(L,]) = p,
UMEEM
(1) A"tx1(g1)) npedcmaeasemcs e eude npoussederusn He bonee “em §(m — p) ssemen-
MAPHBLT BHEWHUL §-CONDANHCEHHDBIT,
(2) A"tx1lgrr — gy,;) mpedcmasasemca e sude npoussederusn we boaee wem 24(m — p)

SNEMEHMAPHBIT 8HEWHUT g-conpﬂménﬂum.

MszI pAOKa>XeM AQHHBIY PE3YABTAT AASL MHTEPECYIOIIEro Hac CAydasi BHEITHETO KBaAPATa IIOA-
HOW AMHENHOW T'PYIIEBI, UCIOAB3Ys cTabuamsanuio cToabia u3 Teopemer 41. Takum obpasom
anrst N GLy, (R) orpaHMYeHmMe Ha N MOXKHO ocAabuTh: n > 4. Ho mepep stum cdopMyAnpyeMm
caepcTBre. ObpaTHOE PasAOKEHUME YHUIIOTEHTOB MOXXHO PAacCMaTpPUBATL KaK bOoaee CUABHYIO
Bepcuio craEpapTHoro omucanus A" B, (R)-HopMarusyembrx moarpynn. CAepOBaTEABHO, y HAC
€CTb €Ille OAHO OYEHBb KOPOTKOe A0KazaTeAbCcTBO Sandwich Classification Theorem anst BHeITHEX

CTelleHel SNeMeHTapHBIX IPYIII.

Teopema 54. ITycmvs H nodzpynna A" GL,(R). Tozda H Hopmarusyemcs N E,(R) mozda

U Mmoavko mozda, koz0a
A"E,(RyA) <H <K CA"GL,L(R,A)
0an Hexomopozo udeana A xoavua R.

Aoxasameavcmeo. Tak >xe Kak ¥ 0OpaTHOe pPa3AOKEHHUE YHUIIOTEHTOB, MBI AOKAXKEM 3TO
CAEACTBHE AASI CAydasi BHEINHero Keappara. llycte H mopmaamsyercs A E,(R). ITonroxum
A:={ ¢ R| /\2t1,2(é) € H}. OueBumamo, uro N'E,(R,A) < H. OcTanroch IpOBEPUTD, UTO
ecau g € H Toraa gij, 911 — g € A. Ho Teopema 53 yTBep>KAaeT B TOYHOCTH 3TO TpeboBaHUeE.

CaepoBarearto, H < C A GL, (R, A). O6paTHOe BKAIOYEHUE CAEAYET 13 YTBep>KAeHUS 51. [

Aoxaxem Teopemy 53. KAtoueBEIM IITaroM SIBASIETCSI IPOBEPKA YTBEPKAECHUS AAS MATPHUITHL

A"tx1(g1;) B caydae p = 1. Bce ocTanbHEIE CAyYaul SBASIOTCS €T0 CAEACTBUSIMU.

Aokaszamenvcmeo. ByaeM MCIOAB30BAThH CTabmAM3aIuio cCToAbIIa 6e3 cooTHOmEHUR [IAToKKe-
2
pa, 9TOOBI orpaHMYeHMEe Ha N 6BlA0 MumHEMaAbHBIM. IIyctb T = T,.; = [[A'tsi(g1s12). Ilo
s#1
Teopeme 41 nepBrIit cToAbel Tg paBeH epBoMy CTOADOIY MaTpunsl g. CaepOBaTEABHO, IIEPBBIR

croaber marpunsl h := g~ ' Tg cTaHAApTeH, TO €CTb h AeXUT B MapaboAwdecKoit moarpymme Pi;.

Jemma 55. I[Tycms R — xommymamusroe xoavyo, n > 3 u g € N GL,(R). ITpednonostcum,
Ymo 00uH cmoabey mampuuds, g ¢ unoexcom 1 = {i;i,} mpusuaner, mozda oarn Ar0bvIT

undexcos K € N(n]\ {i,12}) u J € A'[n] maxuzx, vmo d(I,]) =|INJ| =1, sepro gk, = 0.
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Aoxasameavcmeo. IIpeallonoxKuM, ITO MaTpHUIla g IPUHAAAEKUT N GL,(R). Torapa mo Teo-

peme 47 anst Atobbix mHAeKCcoB A, C € A’n], d(A, C) =1 u aroboro H € A'[n], Bepso

Z SgIl(B, D)gB,AgD,C =0.

BUD=H

IlycTe y g TpuBmaAbHEIA cTOAGel A. Torpa cymMMa BBIIIE PaBHA JHA,C- L]

[To poKazaHHOM AeMMe MATPUIla h TaK>Xe AEKUT B CyOMaKCUMaABbHON ITapaboAnIeCKOR TOA-

n—2

P ) CTPOYKaM.

rpymme P2, rae K cooTBeTCTByeT mMOCAEAHNM (
. 2 2

JAanee 3aMeTuM, 9TO AASI AIOOBIX j € {3,4,5,...,n} BHemnne TpancBekuuu N\t (&) 1 A'ty;(&)

IIPHHAAAEXKAT YHUAIIOTEHTHOMY papukaay U mapaboamdeckoi MOArpynns! k Pqy. VCIoAb3yst ode-

BUAHYI0 dopMyay [xy, z]* = [y, z] - [z,x" '], MBI mOAy4IaeM
zi= [T Nt = [hy ANtas(D)] - IN6,(1), T,

Temeps MaTpHUIla z 3TO IPOU3BEACHUE UETHIPEX IAEMEHTAPHBLIX BHEIIHUX COIPSIPKEHHBIX K
g u g . Tlepserit kommyraTop [h, A't3(1)] mpuHAAAERUT yHUTOTEHTHOMY papmkaay U, B TO
BpeMsi KaK BTOPO# paBeH /\ztzJ (g13,12)-

Tax xax Tpancekmus \'t;3(1) Takxe npumapresxut U, a yHUTIOTEHTHEIR PaauKan abeAes,

MEI IIOAY4Ya€M, 9TO

[/\2t1,3(—1)32] = [/\ztns(—])»u . /\2t2,1(913,12)] = /\2t2,3(913,12)-

2
CaepoBarenbHO, TpaHcBeKIus Aty 3(g13,12) 9TO Ipou3BeAeHNE BOCBME 3AEMEHTAPHEIX BHEITHUX
1 2
COIIPSIKEHHBIX K g ¥ g . ITo Aemme 52 u3 aroro caepyer, aTo Aty 1(gis12) 9TO IpousBeaeHNe
BOCBMU IAEMEHTAPHBLIX BHEIIHUX (-CONPSIKEHHBIX. OCTaNOCh 3aMETUTD, YTO MBI MOXKEM IIEPe-
2
HecT: gp; B mosumuio (13,12) conpsikeHueM Ipy IOMOIIY MOHOMUAbaHEIX MaTpul u3 A° E,(R).
Tak Kak N > 4, Torapa CyIIeCTBYeT ABa Pa3AMYHBIX MHAeKca hi,hy € [n] \ {i,j}. Samernum,
2
YTO BXOXKAEHUE g/\ (=1 B mosmmuu (ihy,ih,) pasHO Gjhi,ihs T Giny in,- [IPUMeEHsIST AOKa3aHHBIN
2
i (1 1 x g/ D) Nt (G .
cayyait (1) pastp =1x g/ 7Y M1 moaygaeM, 910 Aty 1(gijn, ih, + Giny,in,) 3TO IPOU3BEACHHE

BOCBMHU SNAEMEHTAPHBIX BHEIIHNX (-COIIPSIPKEHHDBIX. Tarum o6pa30M

/\ztk,l(gjm ihy) = /\ztk,l(gjm jiho T Gihy ,ihz)/\ztk,l(_gim i)

3TO NIPOM3BEAEHUE 16 9AEMEHTaPHEIX BHEITHUX (-CONPSIKEHHBIX.

[Ipeanonoxenue (2) mpu p = 1 TaKKe CAEAYeT W3 AOKa3aHHOTO Bbimre. OYEBHAHO, UTO
BXOXKAEHIE g/\zti»i“) B mo3unux (ih, jh) paBHO Ginih — Gjhjh + injh — jn,in AAS AOOOrO HHAEKCA
h 75 i, ) HpI/IMeHHH (1) AN P = 1 , MBI IIOAYYa€M, 9TO /\Ztk,l(gih,ih_9jh,jh+9ih,jh_9jh,ih) € /\2 En(R)

3TO IIPOU3BEAECHINE BOCBMU 3AEMEHTAPHBIX BHEMTHUX (-COIIPSA’KEHHBIX. HaKOHeH;,

/\Ztk,l(gih,ih - gjh,jh) = /\ztk,l(gih,ih — Gjhjh T Ginjh — gjh,ih)/\ztk,l(gjh,ih - gih,jh)
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9TO IIPOM3BEACHHUE 24 INEMEHTAPHBIX BHEIMTHUX (-COIIPSIPKEHHBIX.
AAE[ 3aBEPIIECHUA AOKA3ATEABCTBA TEOPEMEBI OCTAAOCH IIPOBEPUTH IIOCAECAHEE IIPEAIIONOIKE-

une. Cymectayer uuaexc K € A’[n] takoit, aro d(I,K) = d(J,K) = 1. CaepoBaTeABHO,

/\Ztk,l(gl,l —gyy) = /\ztk,l(gl,l — gK,K)/\Ztk,l(gK,K — 97

9TO IIPOU3BEACHUE 48 INAEMEHTAPHBIX BHEIMTHUX (-COIIPSPKEHHBIX. O]
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4. CTAHAAPTHOCTb PEIIETKU ITOAT'PVIIII

V3BAeUeHrE YHUIIOTEHTHOTO JA€MEHTa (SAEMEHTapHO! TPAHCBEKIUM) U3 IIPOMEXKYTOYHON
IOATPYHIIBEL H SBASIETCS KAIOUEBBIM IIATOM B CXEME CTAHAAPTHOI'O OIIKMCAHUS HAATPyHnI. B
IPEeABIAYIIUX paboTax Ha 3Ty 3aaady, HaIpUMEpP, COBMeCTHBIE paboTel Hukonast BaBunoBa u
BukTopa IleTpoBa 0 HaATrpynmax KAACCHYECKUX I'PYIIN, aBTOPHl M3BAEKAAM HETPUBUANABHBIN
KOPHEBOM YHUIIOTEHTHEIN aaneMeHT a € G(D,R) ~ N (E(d), R)). DaKTUIECKH, AAST ITOTO U3 06-
IIIETO dAEMEHTA M3BAEKAAOCH MHOI'O VHUIIOTEHTOB, AASI KOTOPBIX YAABAAOChH IIOKA3aTh, YTO BCE
OHU HE MOTYT CTaThb TPUBUAABHLEIMY IIOA AEWCTBUEM KAHOHUIECKOI'O TOMOMOPGU3MA, IIEPEBOAS-
IIero g B a.

AT BHEITHUX CTeleHel TexHUKa BaBunosa u [leTpoBa HepocTynHa. TeM He MeHee Aanee MBI
IIOCTPOUM MOAUUITMPOBAHHLIA METOA, OCHOBAHHBIN Ha IOHATHM obiiero saeMmenTa. C ero mo-
MOIIIBIO MBI OIIUINIEM BCE HAATPYIIIIHI BHEIITHETO KBAAPATA S9AEMEHTAPHON IPYIIILI. 3aMETHUM, UTO
HOBEIZ METOA, MOXKET OBITH MPUMEHEH HE TOABKO AASI IOAMBEKTOPHEIX IpeacTaBaeHui B, (R), HO
U AASI TEH30PHBIX CTEIIEHER SIAEMEHTAPHON IPYIIILI UAY APYTUX CAYUa€eB, TAaKUX Kak ‘Subsystem

subgroups”, “Subring subgroups” u Apyrux.

4.1. IlpenBapurenbHble cBegeHUsA. Ha IpPOTS>KeHUU 3TON I'AaBbI HaM IIOHAAODSTCS CAEAYIO-
e AOIIOAHUTEABHBIE 0D03HAYEHUS.

Bce xoabIla ¥ aarebphl IOAPA3yMEBAIOTCT KOMMYTAaTUBHBEIMU U C e AMHUIER. Bce romomop-
dU3MEBL COXPaHSIOT eAUHUYHBIN 3AeMeHT. AN uAeara a KOAbIA R depes p, obo3HawuM roMo-
MOpGU3M PEAYKIME IO MOAYAIO a: R — R/a. Ecam s 3To saement koabma R, To Ry = (s)”'R
0603HaAYaeT T'AABHYIO AOKAAW3AIMIO KOABIA, TO €CTb AOKAAWM3AIUS R B MYABTUIAUKATABHOE
IIOAMHOMXKECTBO, IIOPOKAEHHOE S. J\OKAAMBAIMOHHBIN roMoMopdusM R — Ry obosHauaeTcs ue-
pe3 As.

Briparkenue ‘rpynnoBas cxema’ 3HAYUT ‘TA0OCKasi addUHHAS IPYIIOBas CXxeMa KOHEYHOTO
tuna”. Ilycts G — acdpdpunnas rpymmosasi cxema Hap K. Oboznauum uepes A = K[G] adppunnyio
aarebpy G. ITo ompepenenuio adpdpunmoi cxeMsl sAeMeHT h € G(R) MOXXeT OBITH OTOXKAECTBAEH
C KOABIIEBEIM romomopdmamoMm h: A — R. MuI Bceraa mpealionaraeM 3TO OTOXXAECTBAEHHUE.
ObosrauuMm uepe3 g € G(A) obmuit sneMeHT G, TO €CTH TOXKAECTBEHHOE OTobpa>keHre ida: A —
A. Oaement h € G(R) usaynupyer rpymnmnoBoi romomopdusMm G(h): G(A) — G(R) mo mpaBuay
G(h)(a) = ho a. Takum obpasom, obpa3 g mop AeiicrBueM G(h) paBer h. B Tewyenuu Bceit
TAQBBI AASI KOABIIEBOT'O roMoMopdu3Ma @: R — R’ MBI 6yaeM 0003HAYATH 3TUM >KE CHMBOAOM
(0 MHAyLIMpOBaHHBIA roMomopdusM G(¢@): G(R) — G(R'). BameTumM, 4TO 3TO He IPUBEAET K
IIyTAHUIIE, IIOCKOABKY MBI BCETAA MOJKEM Pa3sAMYaTh ABa 3HAUEHUS (P IO TUILY €r0 apryMeEHTA.
TakuMm obpasom h(g) =hoidy = h.

[Tycte @ — wmpean woabuma R. Kak obbramo, G(R,a) obo3HavaeT rAaBHYIO KOHI'PYIHII-
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moarpynny G(R) ypoBHS a, TO eCcTb siApo roMoMopduaMa peaykmua pq: G(R) — G(R/a).
Haxoner, MBI Bcerpa mpeamnoaaraeM, 4ro G aTo rpynmoBas cxeMma [IleBaanre—/\emasopa Hap,
KOABIIOM K C IpUBEAEHHON HEPUBOAMMOM cucTeMoit xopHe#r @ # A;, u urto aubo @ # C,,
Aubo y K HeT snmMOpdU3MOB B IIOAE U3 2 SAEMEHTOB. B 3T0i# raaBe obo3HaunM yepes E(a) sne-
MEHTAPHYIO IOATPYIIY, TO eCTh NOATrPyIny G(R), IOPOXKAEHHYIO 3AEMEHTAPHLIMU KOPHEBBIMU
YHUIIOTEHTAMHU Xo(1), &« € @, v € a. Toraa E(R) aTo (abcorroTHast) saneMeHTapHAasi IOAIPYIIIa

G(R) z E(R,a) = E(a)*® obosmagaeT OTHOCHTEABHYIO 3AEMEHTAPHYIO IOATDPYIIILY.

4.2. OcHoBHasi Teopema. Ilyctb G = G(®,_ ) obosmawaeT rpymnmoByio cxemy llleBanne—
JAeMaziopa C IPUBEAECHHON HEIIPMBOAMMOM cucTeMoit KopHe#r @ # A;, u nycts E = E(D,_)
— (YHKTOP dAEMEHTAPHON IOATPYINEI. B AaHHOM paspene Bce aarebpawdecKume I'PYIIBL pac-
CMaTpUBAIOTCS KakK adduHHBIE IPYIIOBLIE CXEMBI Hap KOABIIOM K, KOTOpPOEe B IPUAOKEHUSIX
pPaBHO Z HAM ee AOKaam3anuu. MEI Bceraa mpeanoaaraeM, 94rto E(R) coBepimenna anst Bcex K-
anrebp R, uTo o3HawaeT, uTo @ #* A; u Ambo @ # C,, ambo y K HeT snmMopdu3MOB B IIOAE
73 ABYX 3aeMeHTOB. [Iycte D: Rings — Groups — moadyHKTOp (Heobsi3aTeabHO moacxeMa) G.
Ast mpon3BoAbHON K-aarebprl R ¢ epmHunEeH nycts L = L(D(R), G(R)) — peIreTKa IOATPYIII
G(R), copepxammux D(R). Hamra 11eab — M3y4uTh pemeTKy L NP OIPEAEAEHHBIX YCAOBUSX Ha
D uz G.

Anst mpeana a Koabia R obozrauum gepes E(R, a) OTHOCUTEABHYIO SAEMEHTAPHYIO IOATPYII-
ny u 4depe3 N(R,a) — #opmaamsaTop D(R)E(R,a) B G(R). ITorosxxkum N(R) = N(R,0). Aas
adpdunmol cxeMbl X Hap KoAblloM K addumnas aarebpa X obosmagaercs gepes K[X].

Pemerka £ = L(D(R), G(R)) Ha3bIBAETCS CMaHOapMHOU, ECAU AASI AIODOM MOATPYyIIEL I €

L cyIecTByeT eAMHCTBEHHEIR uaean a I R Takoi, 4To
D(R)E(R,a) < T < N(Rya).

OTOT PE3yABTAT SIBASIETCS TAABHOM IEABIO AQHHOTO paspend. CAeAysl TEPMUHOAOTUU OHTOHU
Baka moapererku L(D(R)E(R, a), N(R, a)) HA3BIBAIOTCS COHO8UMAMU, A pelreTka L CTaHAAPT-
Hasl, KOTAQ OHA PACIIENASIETCS Ha HEMIEPECEKAOIIEeCs OObEAMHEHNE COHABUYEN.
Crucok ycaoBmii. ITycts R — KoabI0.

(1) ®yurTOop D CcoxpaHseT CIOPLEKTUBHLIE OTODPAKEHMSI.

(2) Ans K-aarebper R u maeana a < R, BEpHEI paBeHCTBa
[D(R),D(RJE(R,a)] = D(RJE(R,a) = D(R) < E(R).
(3) Aast aroboro v € Ru o € @ Tarux, 94TO X« () ¢ D(R), BepHO paBeHCTBO

(D(R), x4(1)) = D(R)E(R, TR).
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(4) Orobpaxxenue R — N(R) ompeaeasieT 3aMKHYTYIO IOACXEMY B G.

(5) Ecaum D(R)™ < N(R), Toraa h € N(R).

(6) Anst aroboro moast F moarpynma D(F) siBasieTcst “modTy MaKCUMaAbHON’ IOATPYNION B
G(F), To ects ecam moarpymnmna copaepsxut D(F), Toraa aubo ona copepsxurcs B N(F), aubo
copepxxut E(F).

(7) Tloarpymma (D(A),g) < G(A) COAEP>RKUT 3AeMEHTapHBIN KOPHEBOW YHUIIOTEHT X, (§) &
N(A). Boaee Toro, past amoboro moass F cymectByer saemenT y € E(F) Takoit, uro
xa(y()) & N(F).

(8) Ecam h € G(R,Rad R) ~\ N(R), Toraa (D(R),h) copnep>XxuUT HeTPUBHAABHEIA KOPHEBOR YHU-
IIOTEHT.

Chepyrolee yTBEPXKAEHUE BEIYUCAsIET HopMaau3aTop N(R,a) B repmuaax N(R/a). DTo 6y-
AET HCIOAB30BAHO B AOKA3aTEABCTBE OCHOBHOI'O PE3YABTATA 9TOr'0 paspena. Vaes 3auMcTBOBaHA
73 AOKasaTeAbCTBA TeopeMsbl 3 B pabore [79]. Kak obbI9HO, MBI 6YAEM WCIOAB30BATH CAEAYIO-
e OYEBUAHBIE POPMYARL [X,yz] = [x,y] - [X, z]‘f1 AASI BCEX INEMEHTOB X, Y,z abCTpaKTHON

rpynnsl. [Tostomy aas moarpynn X, Y, Z Takux, 9To YZ 3TO HOATPYIIIa BEPHO, YTO
X,YZ] < [X, Y] - X, Z]". (10)

Bropast dpopMyaa 3TO CTaHAAPTHAS KOMMYTAIIIOHHAS POPMYAQd, MOAYyUYeHHasT JA>KOBaHHU Tapa-

Aeu [92] u NeorupoMm Bacepiureitnom [95]. Aast maeanra a KOAbLA R, BEpHO paBEHCTBO

Jlemma 56. ITycmv a — udean koavua R. ITpu swnoareruu ycaosuld 1 w 2, N(R,a) amo

noarwvit npoobpas N(R/a) nod deticmeuem 2omomoppusma pedyKuuy Pq.

Aokazamenvcmeo. Tak Kak ecrecTBeHHOe oTobpakerue D(R) — D(R/a) cropbeKTUBHO, I'PyI-
ma pq (N(R, a)) HopMmaausyer D(R/a).
O6parHo, mycTb h € G(R) Taxoe, aro h = p,(h) € N(R/a). Toraa

po(D(R)") < D(R/a)" < D(R/a).
Vcmoab3yst CIOpbeKTUBHOCTE oTobpaskenuss D(R) — D(R/a), moaryumm
D(R)" < D(R)G(R, a). (12)
ITo dopmynam (10) z (11),

[D(R),D(R)"] < [D(R),D(R)G(R,a)] < D(R)[D(R), G(R,a)]"™
= D(R)[D(R), G(R, a)] < D(R)E(R, a).
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BosbMeM B3auMHBIE KoMMyTaHT obeux cropoH (12) ¢ D(R)". Ilo ycaosuio 2 BepHO:

D(R)" = [D(R)", D(R)™ < [D(R)", D(R)G(R, a)] <
[D(R)", D(R)] - [D(R)*, G(R, a)]P®" <
D(R)E(R,a)[E(R), G(R,a)] = D(R)E(R,a)
(MBI TaK>K€ UCIIOAB30BAAY CTAHAAPTHYIO KOMMYTAIIMOHHYI0 (POPMYAY U HOpMaAbHOCTH E(R) B

G(R)). Tak xak E(R,a) Hopmanbra B G(R) 3T0 BKAIOUEHKE BAEUET, YTO h HOPMAAUIYET IPYIILY

D(R)E(R, a). 0

Caepyrolasi AeMMa IIOKA3BIBAET, YTO IPUBEAEHHEIE BBIIIE YCAOBUS BAEKYT, YTO MHOMKECTBO
N(R,a) ~ D(R)E(R,a) He COAEP’RKUT IAEMEHTAPHBIX KOPHEBHIX YHUIIOTEHTOB M YCTAHABAWBAET

CBOMCTBO CAMHCTBEHHOCTH B OIIPEAEACHUN CTaHAAPTHOCTH DEIIIETKU IIOAI'DYIIIL.

Jlemma 57. ITycmv a # b udeaawv, K-anzebpwv, R. Tozda u3 ycaosul 2 u 3 caedyem, wmo
mroorcecmeo N(R,a)\D(R)E(R, a) ne codeporcum s4eMEHMAPHBIT KOPHEBDIT YHUNOMEHMOE

U 4mo Y canosunel L(D(R)E(R, a), N(R, a)) U L(D(R)E(R, b), N(R, b)) nycmoe nepeceverue.

Aoxasameancmeo. Ilycts T € L(D(R)E(R, a), N(R, a)). TTo ycaoBHIO 2,
[D(R),T] > [D(R), D(R)E(R,a)] = D(R)E(R, a).
C ApYTOIt CTOpOHEL
[D(R),T] < [D(R)E(R,a),N(R,a)] < D(R)JE(R, a).

TakuM 06pa3oM mAEaA 0 OAHO3HAYHO OIIPEAEAEH IIOATPYIIOH [T M3 CIHABUYA.
Ecam x4(r) € N(R,a) ~ D(R)E(R,a), Toraa mo ycaoBuio 3, E(R,TR) < N(R,a). 13 aToro
caepyer, uro D(R)E(R,a) < D(R)E(R,a + rR) < N(R,a), 4To IPOTHBOPEYUT IIEPBOMY ab3airy

3TOT'0 AOKA3aTEALCTBA. L]

Teopema 58. IIpu swvnoaneruu ycaosut 1-8 das arwbotl K-anzebpv. R pewemxa L =

L(D(R), G(R)) cmaroapmHa.

Aoxazameavcmeo. Ilycte I' — moarpynma B G(R), coaepsxamass D(R). IToaoxkum
a:={s € R| cymecrByer & € O : x4(s) € '~ D(R)}.

cnoaw3ys ycaosue 3, Mpl moaydaeM, uTo D(R)E(R,a) < T. IIycte R = R/a u T = pu(IN).
[TpeamonroxuM, 9T0 X«(TF) € T\ D(R) ars mexoroporo o« € @ u T € R. Mcnoawsys ycaosue 1,
MeI moaydgaeM, uro D(R) < T u mo ycaosmio 3, D(R)E(R,¥R) < T. Ilycts 1 € R — mpoobpas

SAEMEHTA T IIOA AEHCTBHEM P,. Toraa

D(R)E(R,R) < T G(R, ).
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PaccmorpuM koMmmyTauT D(R) ¢ oberMu 4acTsIMU MOCAEAHET'O BKAIOYEHMUSI, TOTAA
[D(R), D(R)E(R,TR)] < [D(R), T G(R,a)l. (13)

ITo ycaoBuio 2, AeBast yacTb paBHa D(R)E(R,TR). C apyroit croporsl, no dopmyae (10) mpasast
gacTh BRAtouerus (13) copepxurca B [D(R),I] - [D(R), G(R,a)]". Tax xax D(R) < E(R), mo
CTaHAAPTHON KOMMYTAIIMOHHOM hopMyae 3Ta rpymnma copepkurcs B I - E(R,a)l = I'. Samerum,
g0 ycaoBue X« (T) & D(R) BaeueT x4 (1) & D(R). ITo ompepeAeHNIO HA€aAA d, U3 3TOTO CAEAYET,
gTo T € a. TaruMm obpasoMm, T = 0 um mHOXecTBo | \ D(R) HE COAEPKUT HETPUBHAABLHOTO
KOPHEBOT'O YHUIIOTEHTA.

Teneps, mycTh & € A — aaeMeHT u3 yeaoBus 7. [Toroxum x = x4(§) € G(A). Ars K-aarebpsr
B nyctn

S(B)={b e G(B)|b(x) € N(B)}.

I[To ycaoBuio 4, N 3T0 3aMKHyTas moacxeMa G, ompeaeaeHHass HEKOTOPEIM uaearoM ( < A. Kaxk
0beruHO, obo3znaurM N = V(q). Aerko BUAETH, 4TO S = V(x(q)A) 9TO 3aMKHYTAas IIOACXEMA B
G. Aast saemerTa h € T KOpHEBO# YHUIIOTEHTHBIN 3AEMEHT x“(h(£)> = h(x) IIPUHAANESKUT
moarpymmne, nopoxxaerHo# h u D(R). ITo mpeapiayimemMy ab3aiy AOKa3aTEABCTBA OH AOAXKEH
npuzapresxaTs N(R), caepoBareanso, h € S(R). Tak kKak h — IPOUW3BOABHEIH 3AeMEHT I, MBI
MOXKEM 3aKAIOUUTE, 9To | € S(R).

[IycTs m — MaKCHMaABLHEIR MAean KoAbla R. O6osHauuM depes F moae BergerToB R/m. IToa-
rpymma I = pu(T) copepsxures B S(F), caepoBaTeAbHO, o yeaoBmio 7, I He copepxxut E(F). C
Apyroit cropossl, ' > D(F). [TosToMy, HCIOAB3YST ycAoBze 6, MBI oAydaeM, ato I < N(F).

IIycts h € T moycTs h = pu(h) = pwoh. Tak kak h € N(F), Toraa ﬂ(q) = 0. [TosaTomy h(q) C
m. Tax Kak m 3TO TPOM3BOABHBIN MaKCHMaAbHEIM uaean, Toraa h(q) € Rad R. CaepoBaTeabHO,
Praa © h(a) = 0 7 pgaz(h) € N(R/RadR).

Tak Kak h — IPOM3BOABHEIR 3AeMeHT I, To pp.4x(T") € N(R/Rad R). U3 sToro caepyer, 4ro

Praar(D(R)") < D(R/RadR)%nr) < D(R/RadR),

TTostomy, D(R)" < D(R)G(R,Rad R).

Ecau cymecrsyer saemerT ab € D(R)T~ N(R), rae a € D(R)z b € G (R,Rad R), Toraa
b € D(R)"~N(R). Tak kax D(R)" copep>xur moarpymmy, nopoxxaerryio D(R) u b, u3 ycaosus 8
caeayer, aro D(R)" COAEPIKUT HETpUBMAABHBIA KOPHEBON yHUIOTEHT. Ho MEI y’Ke AOKa3aAl,

a0 [ HE COAEP’KUT TaKUX 3AEMEHTOB. DTO IpoTHBOpeune mokaseBaeT HaM, aro D(R)" < N(R).

Veaosue 5 Baeder, uro I < N(R) u mo Aemme 56, I' < N(R, a). O

4.3. Tpancrioprepbl. MBI HaunHaeM C U3YUEHUSI CBONCTB TPAHCIOPTEePOB. B aToM pasaene G

obozHavaeT aaTebpandecKyo rpynny Haa KoabiioM K, a X, Y — nmoadyakTOpEl G. K coskaneHmIO,
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B obmeM caydae dpyrKIusa R — Trangy) (X(R),Y(R)) He siBAsIeTcs mopadyHKTOpoM G. Tem He
MEHEE MBI OIIPEAEASIEM CXEMHO-TEOPETUYIECKUN TpaHcmopTep Trang(X,Y) xak mopdyHKTOp G,

33AAHHBIN 110 IIPABUAY

Trang (X, Y)(R) ={a € G(R) | z* € Y(R) anst Bcex z € X(R) u Bcex R-aare6p R}.

~

(MBI Bceraa oTOXKAECTBAsIEM 3AeMeHTEI G(R) ¢ ux KaHoHWYecKuMu obpaszamu B G(R)).

Boaee 061110, IyCcTh W — IPYIIIIOBOE CAOBO U3 2 CUMBOAOB, TO €CTh dAEMEHT CBOOOAHOH I'DYII-
IBL C 2 obpasyomuMu. AAST SAEMEHTOB z, A abCcTpakTHOM rpynnsl I 3amuch wW(z, a) obo3HadaeT
obpaz w B [" mop AeficTBHEM I'PYIIIIOBOIO TOMOMOPGU3MA, IIOCHIAAOIIETO IIEPBYIO 0OPa3yIONIYIO

cBOOOAHOM TPYIIEL B Z X BTOPYIO B d. Aast mopmuORecTB A, QQ B ' ompeaeanm
Tran(' (A, Q) ={a € T'|w(z,a) € Q ars Bcex z € A}.

AHaNOTHYHO, OIIPEAEANM CXEMHO-TeOpeTUYecKut w-TparcmopTep Trany (X, Y) Kaxk 1o HKTO
) G )

G, 3apAHHLIA 110 IPABUAY
Trang (X, Y)(R) ={a € G(R) | w(z,a) € Y(R) anst Bcex z € X(ﬁ) 7 Bcex R-aarebp Rl

Tenepp MBI CHOPMYAUPYEM AOCTATOYHBIE YCAOBHUSI AASI TOTO, YTOOBI CXEMHO-TEOPETUIECKUHR
Ww-TpaHcopTep 6bIA 3aMKHYT u obcyaum paseHCTBO Trang (X, Y)(R) = Trangy, (X(R),Y(R)).
AAst OBEIYHEIX TPAHCIIOPTEPOB (TO €CTh AAS W = X, ' X1X;) 3TH Pe3YABTAaThI MOTYT OBITE HaliACHET
B [78, Theorem 6.1] uaum [46, I, § 2, 7.7 and 1II, § 2, 3.6]). Hamomuum, uro K-cxema X Ha3bIBAa€TCsI
NOKAABHO-CBOOOAHOM, ECAM CYILIECTBYET OTKPBITOE adp(pUHHOE MOKPEITHE X;, TAE 1 IpoberaeT wH-
AEKCHOE MHOJKECTBO TakKoe, 4To adpdpunHas aarredpa X; 3To cBOOOAHEIH K-MOAYABL AAST KaXKAOTO
1. B mamem cayuae X adpcpuHHAsST, TaKUM 06pPa30M, YTOUHSISI OTKPBITOE ITOKPBLITAE, MBI MOYKEM
IIpEeATIoAaraTh, YTO KaXkp0e X; 3TO rAaBHasi adbpuHHAST OTKpEITast moacxeMa X, To ecTb K[X;] aTo
raaBHas Aokaamsanust K[X]. Aanee B aToit raase B = K[X], u x € X(B ® R) obosnauaer obpas

ob1rero anemenTa X mOA AeHCTBUEM ecTecTBeHHOro romomopdpusma X(B) — G(B) — G(B ® R).

Jlemma 59. ITycms X — npedcmasumsiti noopyrkmop G, u R — K-anzebpa. Toz0a
Trang(X,Y)(R) ={a € G(R) | w(x,a) € Y(B ® R)}.

Aoxaszamenvcmeo. Ilycts R— R-anrebpa, z € X(ﬁ) ¥ Q IPUHAAAEKUT IIPABOY 9acTu B POpPMY-
Ae Bolme. [Ipumensist z ® idg K Baoxkermio w(x, a) € Y(B ® R), Mbr moayaum w(z,a) € Y(RQR).
IToceinast sToT aaeMeHT B Y(R) ¢ romoMopdusMoM yMHOKeHEST R @ R — R, MBI BEAEM, 9TO
a € Trang(X,Y)(R). Taxum obpasoM, MBI AOKa3aAM, YTO IpaBas YacTb COAEPKUTCS B TPaHC-

noprepe. ObpaTHasi UMIAVKAIIUS TPUBUAABHA. ]

Teopema 60. [Ipednonostcum, wmo X aoxaavro-ceobooras K-cxema u Y 3amxrymasn noo-



58

czema G. Tozda Trang (X,Y) amo samxrymas nodcrema.

Aokxasameavcmeo. OTOXAECTBAM OOIIU 3AeMeHT g cxeMBI G C ero KaHOHWYECKUM obpa3oM
B G(B ® A). PaccMoTpuM OTKpBITOE NMOKPHITHE Spec By, cxembl X Takoe, 4To KaXkpoe Bg, aTo
cBobopHEIN K-MOAYAB ¥ 0bO3HauuM depe3 h; KaHOHMYecKuil obpas w(g,x) B G(By, ® A). Ta-
KuM obpasoM, hi: A — B, ® A paccmarpuBaeTcs Kak oTobpaskeHue. ApyruMu caoBamu, hy
3TO KOMIIO3UIUSI 0TObparkeHus w(g,x): A — B ® A ¢ AOKaAM3aIIMOHHBEIM I'OMOMOPMU3IMOM Ay, .
Basuc K-moayast B, ompeaeasieT usomoppusMm A-mopyaeir B, ® A = [[ A. ObosHawuM dgepes
i

hij: A — A KOMIIO3MIMIO h; C IPOEKIINER B j-10 KOMIIOHEHTY IIPSIMOI'O l'I]p(])lI/IBBeAeHI/ISI u3 popmy-
ABI BeIle. Kak obwruno, [(Y) obo3magaer upean B A, KOTOPEIA ompepeasieT moacxemy Y. IlycTs
q — mAean, IOPOXKAEHHEIN BceMu obpasamu I(Y) mop aeiicTBueM oTobpaskeHumit hyj.

Ilycte a € G(R). ITo aemme 59, a € Trang(X,Y)(R), B To BpeMs Kak w(x,a) € Y(B ®
R). Tak Kak Spec Bs, 3T0 OTKpbITOEe MOKPHITHE X, 3TO BKAIOUEHNE SKBUBAAECHTHO BKAIOUEHUIO
vi € Y(Bs, ® R), rae v; a3T0 KaHOHMYeCKU 06pa3 w(x,a) B G(B,, ® R). amerum, uro v; (kaK

OTOBPa’KEHUE) STO KOMIOZUIUS
(As; ®id) o (ld®a) ow(x,g) = (id®a) o (A, ® id) o w(x,g) = (id® a) o h;.
Bratouernue v; € Y(B;, ® R) sxBuBareHTHO
w(I(V)) =0 (id® a> (hi<I(Y))> —0 e a<mj (I(Y))) ~0

MM BCex j € ;. Tarum obpasom, a € Trang (X, Y)(R) u a(q) =0, a aro 3HauwurT, uro Trang (X,Y)

9TO 3aMKHYyTas noacxeMa G, ompepeneHHAST UAEANOM (. O

Aanee MBI AOKa3BbIBAEM, UTO IIPU HEKOTOPHIX ECTECTBEHHBIX YCAOBUSX TEOPETUKO-I'PYIIIIOBLIE
¥ TEOPETUKO-CXEMHEIE HOPMAAM3ATOPEI COBIAAAIOT. [IycTh Z PYHKIIS U3 KAacCCa KOAEIL B KAACC
MHOXX€eCTB Takasi, 4To Z(R) s3To mopMHOXecTBO G(R). Tak Kak mepecedeHre 3aMKHYTHIX IIOACXEM
G 3TO 3aMKHyTas IOACXEMA, TO CYIIECTBYeT HauMeHbInasi mopcxeMma Z B G, copepxxamast Z (To
ectb Z(R) D Z(R) aast Bcex xoaer R). DTa moacxeMma HasbIBaeTcs 3aMmblkarueM Z B G. Apyrumu
croBaMu Z 3TO 3aMKHYTasi IOACXEMa, OIIpeAeAEHHasI IlepecedeHneM sIAep z Haa Bcemu z € Z(R) u
Bcex K-aarebp R. dymkuus Z HasbiBaeTcss IAOTHOM B G, ecan Z = G. Ecam X — moadyukTop G
z R — K-aarebpa, Toraa mopa 3aMbikanueM X(R) B G MBI moapasyMeBaeM 3aMbIKaHUE PYHKIUH,

rKoTopast paBHa X(R) B R # mycToMy MHOXXeCTBY B OCTAABHBIX CAYYasiX.

YrBepxkKaenue 61. [lycms X — npedcmasumsviti pyrxkmop G, u nycms Y — 3amKHymas

nodcxema G. Ecau X(R) = Xg(R) — naomen e Xz, mozada
Trangg (X(R), Y(R)) = Trang (X, Y)(R).

Aoxasameavcmeo. Ilycts h € G(R). ITo Aemme 59, h € Tran((X,Y)(R), B To BpeMs Kak
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w(x,h) € Y(B® R). Ilyctb w = w(x,h): A —» B® R. Ecau q = I(Y), Toraa BKAIOUEHHE W €

Y(B ® R) sxBuBarenTHO U(q) = 0. C ApPyroi# CTOPOHHI,

h € Trany, (X(R), Y(R)) <= w(a,h) € Y(R) ansBcex a € X(R) <=
w(a,h)(q) =0 anrsgBcex a € X(R) & (a®id)ou(q) =0 anrsa Bcex a € X(R),

mult

rae a ® id sTo Kommozuiusi B ® R 9%, R ®@ R 2 R. Bamerkanue Xgr(R) B Xg 9KBUBaAEHTHO
V(a), rae a aTO mepecedeHme siAep roMoMopdu3MoB R-aarebp d: B ® R — R Hap Bcemu 4 €
Xgr(R). Tomomopduamer R-anrebp G: B ® R — R HaxopsiTcsi B OGMEKTUBHOM COOTBETCTBUH C
romomopdusmamu K-aarebp a: B — R, a umenno, @ = a ® id. Takum obpazom, Xg(R) maroTHO B
XR TOTAQ ¥ TOABKO TOTAQ, KOT'AQ IIEPECEUEHNE IAEP roMoMopdu3MoB a ® id Haa Bcemu a € X(R)
TPUBUAABHO. VI3 3TOro caepyet, uTo u(q) = 0 Toraa m TOABKO TOrAad, Koraa (a ® id) ou(q) =0

AAst Bcex a € X(R), 4To 3aKaHYMBAET AOKA3aTEABCTBO. O

4.4. Boruucisienne Hopmasmm3aropa. llycte H — samkuyTas K-moarpynmna G. [Ipeamonosxum,
uyTo caMa H sBasieTcs rpynnosoit cxemoit [lleBaanre—AeMazopa ¢ IPUBEAEHHONR HEIIPUBOAUMOM
cucreMoit xopHe# ¥ m obozmHaumMm uepes D yHKTOp ee sneMEHTApHON NOATPYNHIBI. Tak>ke
npeamoaoxuM, 9To D(R) coBepiersa anst Bcex K-aarebp R, 9To paBHOCHABHO TOMY, 94To ¥ # A,
u ambo VW # C,, ambo B K HeT snmmMopdu3MoB B ToAe U3 2 aaeMeHTOB. [Iycts R — K-aarebpa.
Anst dyrrTopa X Ha Kareropuu K-anrebp oboszmaumMm udepe3 Xy €ro OrpaHUYEHUE B KATETOPUIO
R-anrebp (komeuno, Hgp u Gg — adduHHEIE IPYIIOBLIE CXEMEL Haa R).

ITycrs N(R) — HopMaamsaTop D(R) B G(R), u mycts N(R) — HopMaamsatop H(R) B G(R).
[Torosxkum Tran(R) = Trangr)(D(R), H(R)). OueBuano, uTo 0ba HopMarmsaTopa N(R) u N(R)

copepkarcst B Tran(R).
Jlemma 62. N(R) = Tran(R) > N(R).

Aoxasameavcmeo. Ilycts h € Tran(R) u mycts R’ — KOHeUHO-IOPOXKAEHHAST Z-TOAAATEOPA
R. Toraa D(R’)" < H(R") aAst HEKOTOpOI KOHEYHO-TIOPOXAEHHOM Z-mopaarebper R” O R’ B R.
ITo raaBHoit Teopeme B pabore [60], H(R”)/D(R"”) paspemmuma, crepoBaTeabro D(R”) — Ham-
6oabimast coBepmieHHas moarpynma H(R”). Tak xak D(R)"™ < H(R”) u D(R')" cosepmensa,
rTo oHa copepxkuTcsi B D(R”) < D(R). Aoboe KoABLO R SIBASIETCST IPSIMOM CyMMOR KOHEYHO-

IIOPOXXAEHHEIX Z-TI0paATebp, caepoBarearro, D(R)™ < D(R), To ects h € N(R). O]

B caepyromeM CAEACTBIY MBI PacCMaTPUBAEM CXEMHO-TEOPETUUYECKUE HOPMAAU3ATOPEL. A

moadyrkTopa X B G moaoxkuMm Ng(X) = Trang(X, X).
CaencrBue 63. Oba Hopmaauszamopa Ng(D) u Ng(H) samxHymo 6 G.

Aoxazameavcmeo. Ilycts X,, o € ¥ — KopHeBBIE IOATPYIIEI H, cOOTBETCTBYyIOMIUE BEIOPaH-

HOMY PacIIenrMOMY MaKCUMaAbHOMY TOpY. 3aMeTuM, 4To 1o SAemme 62, Ng(D) = Trang(D, H).
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Toraa Ng(D) = Trang(D,H) = Ngey Trang(Xy, H). Tak xak H — 3aMKHyTast mOACXeMa U
K[X4 = K[t] — cBobopubrit K-MopyAb, mpeanoaoxerue o Ng(D) caepyer u3 Teopemsr 60.
Pasnoxxenue ['aycca B pacuienuMoil peAyKTUBHON I'PYIIIIE YTBEP)KAAET, UTO CYIIIECTBYET OT-
KPBITOE IIOKPBLITHE H Takoe, 9To KaXkpasi KapTa m3oMopdHa (kak cxema) U x U x T, rae U —
VHUIIOTEHTHBIZ pasuKaa BopeneBCKO#M MOATPYHIEL X | — pacIienuMerii Top. TakuMm obpasow,

H — nokaabHO CBO6OAHa5I, U PE3yAbTaAT CHOBa CACAYET U3 TeOPEMBI 60. [l
JIlemma 64. Ng(D) = Tl'allg(D, H) = Ng(H)

Aokaszamenvcmeo. Bratouerue Ng(D) = Trang(D, H) > Ng(H) mHemeanrenHO caepyeT us AeM-
MBI 62 ¥ OIIPEAEAEHUST CXEMHO-TEOPETUIECKUX TPaHcnopTepoB. ObpaTHo, mycTh R — K-aarebpa u
h € Ng(D)(R) = Trang(D, H)(R). Paccmorpum dyrxTop D} Ha KaTeropuu R-aarebp, 3apaHHEBIR
no npasuay DR(R’) = D(R)" ¢ oueBupHbIM AeficTBreM Ha MopdusMax (MBI BCE EIIle OTOXKAECTB-
AsieM h ¢ ero obpasamu B G(R’') mop, peficTBueM cTpyKTypHOro romoMopdusma R — R').
Ouesupano, ato DI} < Hg, caepoBaTeanHO, 3aMbikanue Di dyuxTopa DY B Gy Takxe copep-
xutcs B Hg. Conpsixerue mpu moMormu h 3To cxeMHEIH aBToMopduaM Gy, mostomy DR = (D)™
Tak Kak 3aMbIKaHUE dAEMEHTAPHON IOATPYIIEL IBAsIETCS Beelt rpynno# [IleBaane, To Dy = Hg.

Toraa (Hg)" < Hg, uro 3mauut h € Ng(H)(R). O

Caepyroliee yTBEP>KACHUE 3TO IIPOBEPKA YCAOBUS IIAOTHOCTY B Y TBEP’KAEHUY 61 ¥ yCTaHOB-

AC€HNE PABCHCTBA TEOPETUKO-T'PYIIIIOBEIX ¥ TE€OPETUKO-KOABIIEBBIX HOPMAAU3ATOPOB.

Jlemma 65. IIpednoaootcum, wmo R — anzebpa Had beckoHewrnwvim noaem K. Tozda G,(R)

— naomna 8 Ggpr.

Aoxasamenvcmeo. I'omomopduam R-aarebp R(G,] = R[t] — R siBAsieTcst romoMopdu3MoM 3Ba-
Atoanmu. Muorouner p € R[t] Ae>KUT B mepecedeHNn SIAEP BCEX TAKUX [OMOMODP(MU3MOB BCETAR,
roraa p(r) = 0 aast Bcex v € R. B wacrHocTH, p(ry) = 0,1 =0,...,degp, arsg degP + 1 pas-
AngHBIX sAeMeHTOB K. Tak Kak ompepeAuTeAb BamaepMOHAA HEHYAEBOM, BCe KO3 PUIIMEHTEI
P AOAKHEI OBITH paBHBEI HyAIO. [loaTOMy, mepecedenme siaep BCceX roMoMOpPd3uMOB R-aarebp

R[G,] — R TpuBmarbrHo. CArepoBaTeABHO, 3aMbIKaHEE G4(R) cyTh Ggr. [l
YrBepxkaenue 66. Ecau K — becxonewroe noae, mozoa
Ng(D)(R) = Trang(D, H)(R) = Ng(H)(R) = N(R) = N(R) = Tran(R).

Aoxaszameavcmeo. I'pynma D(R) moposkaeHa KopHeBuIME HMOATpymmamMu X« (R), o € ¥, caepo-

BATEABHO

Tran(R) = () Trang, (XCX(R),H(R)) u Trang(D,H)(R) = () Trang (X“,H)(R).

acV¥ oy
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Tak kak Xy = G, mo YrBepraeHUio 61 u Aemme 65
Trangy) (X(X(R), H(R)) = Trang (x“, H) (R), Toraa Tran(R) = Trang(D, H)(R).

CaepoBaTEABHO, MBI IIOAYYAEM CAEAYIONUIYIO IIETIOYKY BKAIOYUEHUN

~

N(R) < Tran(R) = Trang(D, H)(R) = Trang(H, H)(R) < Trangx, (H(R), H(R)) — N(R).

Takum o6pasom, N(R) = Tran(R) i Bce ApPyTHe paBeHCTBA yrKe AOKasaHbl B AeMMax 62 u 64. [

4.5. PaBeHCTBO TpPaHCIIOPTEPOB M HOPMAJIM3ATOPOB. JTOT Pa3AeA IIOCBSIIEH AOKA3ATEAL-

cTBY YcaoBus 5 B obosHaueHussx §84.3—4.4.

Teopema 67. ITycmv K — beckoHeunoe mnoae zapaxkmepucmuku we 2, ecau ¥ =
Ay B, Ci,Fyy Gy u me 3, ecau ©® = G,. [Ipednonoosrcum Oanee, wmo cyuecmsyem ab-
conrommo Henpusodumoe npedcmasaerue H 6 G, mo ecmv aunetinoe npedcmasaerue G
maxoe, wmo K-noomooyau KD(K) u KG(K) mampunrozo xoavua M,(K) pasHw.. Tozda

Tran(D,N) = N.

Aoxazamenvcmeo. YCAOBUE CYIIECTBOBAHUS IIPEACTABAECHUS TAapPAHTHUPYET, UTO IIEHTPAAU3A-
Top D B G pasen neHTpy G u 1meutpy D. Aast K-aarebpsl R obosuauum depes D.g(R) dakTop-
rpyuny D(R) mo ee mentpy. M3BecTHO, uTo merTp D(R) coBmaaaer ¢ (CXeMHO-TEOPETUYECKUM )
neaTpoM H, caepoBaTeabHO, D.g(R) 3TO sAeMeHTapHAsT IOATPYIIIA IPUCOEAMHEHHONW I'DYIIIBI
[ITeBanne Tuma V.

ITycts a € Tran(D,N)(R). IToroxxum C = R[H], u nmycts h € H(C) C G(C) — obrmuit
aneMeHT Hg. [To Aemme 59, h® € N(C) (xak 06BIYHO, MBI OTOXKAECTBASIEM ( C €F'0 KAHOHUYIECKIM
obpazom B G(C)). Paccmorpum otobpaskerme 0: N(C) — Aut(D(C)), rae N(C) aeiictByer
Ha D(C) compsixkermeMm. Tak xak 0(b) aeiicTByeT To)xaecTBeHHO Ha meHTpe D(C), MBI MoXxeM
paccmarpuBaTh 0 Kak aBroMopduaM D.q4(C).

ITo KAaccuduKanuy aBTOMOPGMU3MOB IPUCOEANHEHHOM sAeMeHTapHO rpynnel [leBaane [41,
Theorem 1], 6(h®*) = 0(b) -y - @, rae b € H.4(C), Y — rpacdoBelit aBTOMOPDUIM U (@ HHAY-
IIMPOBaH KOABIEBEIM aBTOMopdmaMmoM. Toraa ¢ = vy '0(b " 'h®) — aBToMopdusM rpymmoBOiL
cxeMbl He. Byayuw mHAyIIZpPOBaHHBIM KOABIEBBIM aBTOMOpduaMoM P: C — C, ¢ peicTByeT
Ha KOPHEBOU MOATpPyHIe X, HMOCHIAAS Xq(T) B Xo(P(1)). Tak Kak @ 3TO CXEMHEBIM aBTOMOPHU3M,
To \p mHEAyIUpyeT aBToMopduaM cxeMbl G, c. Ho cxemurrit aBToMopdusm G, c, coxpaHsromui
3AEMEHT 1, TO’KAECTBeHHEIA. TakuM obpasoM, P X @ TaK’>Ke TOXKAECTBEHHEL.

Taxkum obpasom, O(b'h®) = vy. Koeaununa ¢: C — R oTobpakaeT h B TOXAECTBEHHBIH

saemerT H(R) (3T0 sKBUBaAEHTHO ompeaeAeHnto KoepwHuIb ). Obe wacTu ypasrenus 0(b~'he) =
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Y SIBASIIOTCSI €CTECTBEHHBIMU IIpeobpasoBamusaMu D.g — D4, TakuM obpasoM, puarpamma

Dad(C) % Dad(R)
y_G(b_lha)J lY—eR(E(b)_U

Dad(C) % Dad(R)

KOMMyTaTuBHA, rae Og: N(R) — Aut (Dad(R)) 0003HaYaeT COMpsIKEHNE IPY IIOMOIIY apryMeHTa
Or. U3 sroro caeayer, uro 0(e(b))y aeiicrByeT TpuBmaabHO Ha D.g(R). OTo 3maumr, uTo Yy
MHAYIIIPOBAHHO BHYTPEHHUM aBTOMOP(U3MOM CHUCTeMBI KOpHe# VW ¥ MOXXeT OBITH 3aMeHEeHO
COIPSIKEHUEM IIPU IIOMOIIX HOAXOASIIETO U3 MPYIIILI Beiiasi. YMHOXMB b Ha 3TOT SAEMEHT MBI
MOXKEM IIPEAIIOAATATh, YTO 'Y TPUBUAAEH.

Teneps, 0(h®) = 0(b). Oro 3Hauut, yro b~ 'h® aeficTByer TpmBmaarbHO Ha D.4(C), caepo-
BaTeAbHO Takxke u Ha D(C). U3 aToro caeayer, uro h® = bc AAST HEKOTOPOTO dAEMEHTA C U3
nenTpa G(C). ITycts R’ — R-aarebpa. ITockinas h B KakaAbIl saemenT u3 D(R'), MBI moAygaem
D(R’)* < D(R’) - Cent(G(R’)). Hakomerr,

D(RY)® = [D(R")¢, D(R")] < [D(R') - Cent(G(R")), D(R') - Cent(G(R"))] < D(R).

TaxuMm obpasom, a € N(R). H

4.6. Haarpymniibl BHEIIIHEro KBajipara 3JIeMeHTapHbIX I'pyMIil. B ocTaBuieiicss yacTu pabo-
TBI MBI OIIAINIEM HAATPYIINEl BHEIIHETO KBaApaTa dAEMEHTAPHOM rpymmbl. HamoMHMM, 9TO AAS
N E.(R) cerb A cocTouT u3 AByX mpaeanoB Ay u A;. IIpu 5TOM OHEM paBHBI B CAydYae n > 6,
Ambo N > 4 m ponoamuTEABHOTO TpeboBanus 3 € R*. Aanee MBI 6yAeM IPUAEPKUBATHCS ITUX
orpaHnYeHu. AASI OIMCAHUS HAATPYIIN BOCIIOAB3YEMCSI PA3BUTON TEOPHUH AASI MHTEPECYIOIIETO
Hac caydasi. B ee o6osmavenusx G(®,R) = GLy(R),D(R) = AN’En(R). MbI usy4aem pemreTky
HOATpyII L = L(/\2 E.(R), GLN(R)).
3aMeTUM, YTO AASI BHEIIHAX KBAaAPATOB OOABIIMHCTBO YCAOBHUU B TeopeMe 58 TPUBUAABHEL
MAM XOPOIIO U3BECTHEI, 332 UCKAIOUEHNEM CAEAYIOIIAX.
e Hopmanmsarop N(_ ) siBasteTcss 3aMKHyTOM moacxemoit B GLn(_ ) u AAst Afoboro moast F
N(F) =N (/\2 En(F)) “mouru MarcuMaAbHEIL B GLy(F).
e Tpancmoprep A°E.(R) B N (/\2 En(R)> paBer N (/\2 En(R)) AAst Afoboit K-aarebper R.
e lI3BAeYDh HETPUBUAABHBIA 3AEMEHTAPHBLIA KOPHEBON YHUIIOTEHT W3 IIOATPYIIIEHI, ITOPOK-
AEeHHO# obmuM sneMmenToM GLy u N E,..
OaHako, B §4.4 MBI y>Ke AOKa3aAH, 4YTO eCAM R — aarebpa Hap GECKOHEYHBIM IIOAEM, TOTAA
N (/\2 En(R)) = 'I‘mn(/\2 E.(R),\ SLn(R)). A o Chaepcrsuio 40, 'I‘mn(/\2 E.(R),N (/\2 En(R)>) =
N(/\2 En(R)). Bonaee Toro, B §2.4 MBI AOKa3aAM, YTO YKAa3aHHLIE HOPMAAM3ATOPHI ¥ TPAHCIIOP-
Teper paBHbl A’ GLy, (R) AAS IPOM3BOABHOrO KOMMYTATHBHOIO KOABIA ¥ YETHOrO N. Taxum 06-

pa3omM, BTOpOfI IIYHKT BBIIIOAHECH.
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B §4.3 MBI mokazaam, 4YTO TpaHcmoprep Tran (/\Z E.(R),\’ SLn(R)) 3aMKHYT, TaK Kak
N SLn(_) sro 3amrmyTas mopcxeMma. AedicrBurearro, A SL,(R) = A GL.(R) N SLn(R) anst
AI060r0 KOMMyTaTHBHOrO KoAbla R, a A’ GL,(R) 3apaeTcs ypaBHEHUSMHE depe3 MHBAPUAHTHBIE
dopMbl mAu depe3 upean [Iatokkepa. Takum obpasom, N(_ ) 3aMKHYT.

Bproc Kymepcreita B cBoeit pabore [45] poKaszan, 4TO AAST KOHEYHBIX IIOAEN HOPMAaAW3ATOD
N (/\2 En(F)) MaKCUMAaA€H, a AAST aATeOpardecKy 3aMKHYTBIX IIOAEH 3TO YTBEPKAECHUE CAEAYET
u3 Teopemer Yxoy [44]. AAst GECKOHEUHBIX IOAEH MAaKCHMAABHOCTH MOXKHO BBIBECTH 43 pabor
®panna TuMmmecheabaa, TOCBSIIIEHHBIX KAACCU(MUKAIINY TIOATPYIII, IIOPO>KAEHHEIX KBaAPATHd-
HBIMJ YHUIIOTEHTHBIMU rpynmamu [93].

TaxuM ob6pa3oM, HaM OCTAETCSI TOABKO U3BAEYDb HETPUBUAABHYIO TPAHCBEKIIWIO U3 IIPOMEKY-
TOYHOM IOATPYIIILI, IIOPOXKAEHHOM obmuM snemernToM g rpynnsl GLy(R) u rpynmoit N E.(R).
DManee, ecan oboszauenne muAekcoB I,] € A’n] B saeMeHTapHO# TPaHCBEKIAH t;(&) byaer

HEOAHO3HAYHO, MEI 6yA€M MCIOAB30BaTh yTOUYHEHHOE obo3HaueHMe ti, i), 4, (&). IIycTh

g :=t23.02(&1)t3402(&2) « tnomo112(En—3) tno 12 (En—2),

TO €CThb ¢ PaBHA MaTpUIlEe, KOTOPas OTAWYAETCS OT €AMHUYHOM TOABKO B (M — 2) IO3UIUE B
IIepBOM CTOAbIIE.
CxeMa M3BAEYEHUS COCTOUT B CAeAyIomeM. AAsT BHEITHErO KBaapaTa B §3.1 MBI IOCTPOUAK

TparcBeKnuo T,;(w) =[] Nt 5,j(5g10(s,j)wyj), KoTOpasi CTabMAM3UPYET IPOM3BOABHEIR CTOADEI]
57
MmaTpunel 13 GLy(R). Temeps, NCIOAB3YST IOAXOASIINE HETPUBUAABHBIE |, j, CTabMAM3MPOBATH

nepBble N — 2 cToAbIia MaTpuitsl g. TakuMm obpa3oM, IOAYUEHHAS MaTPUIlA IPUHAAAEIKUT IIa-
pabormueckoit moarpyune Pqy, rae k = n — 1. Aanee, pacCMOTpPETh KOMMYTATOP IIOAYYEHHON
MaTPHUILI C BHEITHEN TPAHCBEKIMEN U3 VHUIIOTEHTHOrO paaukaasa Ui, yKazaHHO# mapaboaude-
ckoit Py. TakuMm obpasom, 3TOT KoMMyTaTop OyAeT mpmHapAeXaTb papukaay Ui, B cayuae,
€CAM KOMMYTaTOpP He eCThb 9AeMEHTApPHAsI TPAHCBEKIINUSI, HEOOXOAMMO PACCMOTPETS €Ille HECKOAD-

KO APYTEX KOMMYTATOPOB C IIOAXOASINMVMY BHEIMHVMMY TPAHCBEKIUSAMU U3 U1k.

JIemma 68. ITycmo h:=t3n(&) ... thornn(&nz) € N Eq(R), 2de 2 <1< n—1. Tozda

[hy Tenr (hy )] =tz (& &) -t (=& 2&1).

okasamenvbcmeo. NOKaXkeM YTBEPKACHNE UHAYKIIEH TI0 Pa3MEPHOCTY IPYLIEL N. Ecan n =
A AN Vi E
4, Torpa

[h, T s(hy 1)) = [hy tiz s (=& )t 3a (&1 )t p3(E2)] = to313(— &) taa13(—E28,) mpm L = 2;

[h, Taa(hy13)] = [hy tiza(—&2)] = taza(—&; £2)t3414(—&3) mpum 1 = 3.
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ITycrs Temeps h = t311(&1) - - - tanitii(En1) € A Enir(R). Toraa
[h, Terer (hy )] = [z -t (Enat)s T (hy )l

rae z = trzn(&r) ... thoinn(&n—2). Bocmoarsosasmucs dopmyaocit [ab, c] = ¢[b, c] - [a, c], moay-
quM

Z[tn,n+1;1l(((—mfl )) T*,Pr] (hi,u)] : [Z> T*,l+1 (h;,u)] .

Bropoit KommyTaTop paBeH ty31111(—&1&11) .. thot g1 (—En—2&11) IO MHAYKITMOHHOMY IIPEA-
IIOAOKEHMUIO.

Aanee samerum, uro T, 141(hy ) = Nt (h{,1+1;11)/\2t1+2,1+1(—h{H,Hz;u) MmI2 <l n—
Tw Tona(heg,) = /\Ztn,nﬂ(h{i’nﬂﬂn) ast 1 = n. Ho /\2t1+2,1+1(—h{+1,1+z;u) KOMMYTHPYET C

tn,n+1;ll(‘in71 ) Tarum O6p8.30M,

[tn,nnt];]l(anf] )) T*,lJr] (hi,]l)] — [tn,nJr];]l(énf] )) /\ztl,l+1 (h[,)pr];n)]

AAst atoboro 2 < 1 < n.. Toraa

[tn,n-i-];]l(‘t—rn—l )) /\ztl,l-H (h{,H-];]l)] = [tn,n-i-];]l(‘(—m—] )) t]l;l,l—H (_51—1 )] - tn,n+1;1,l+1 (_‘(—vn—1 Ev].—] )

ANST OKOHYAHUST AOKA3aTEABCTBA OCTAAOCH 3aMETUTh, YTO MATPHUIA Z KOMMYTHUPYET C IIOAYYEH-

HOM TpaHCBEKIUEN. O

Vreepxkaenue 69. B nodzpynne H, nopoowcdennoti g u N E,(K[GL\]), cywecmsyem

HEMPUBUANDHAA Mampuyua u3 Piy.

Aoxasamenvcmeo. Ilycts g = ty312(&1) ... thoin(&n2) € H < GLn(R). Toraa mcmoabsys

NAemmy 68, moayduM

[9) T*,3(9,I,,12), T*,4(9>:,13)) oo )T*,n(gi,lk)] — t23;1n(p1) oo tn—],n;]n(pn—Z) S H)

TAE P1y--.yPn2 € Zl&s,..., & 2] — opHOUNEHE ¢ KO3 PuimenTamu +1. Takum obpasom, MEL

TIIOAYYUAY HETPUBUAABHYIO MaTpuIily u3 Piy. 0

YrBepxkaenue 70. Ecau e nodzpynne H cywecmsyem Hempusuasvras mampuya ud Pqy,

mozaoa 8 Hel cywecmsyem HEMPUBUANLHAA INEMEHTMAPHAA TMPAHCEEKUUA.

Aoxasamenvcmeo. Ilycts h = ty3n(p1) ... thoinin(Pn2) € Pix — MaTpuia, moarydeHHas B
IPEABLIAYITEM YTBEPKAEHUU. PaccMOTpUM KOMMYTaTOp h C BHEIIHEH TpaHCBEKIUEH /\Zthn(C) c

U;y. Torpa

[hy N't1 (0] = [tntmin(Pr2)s it 1n (=01 = tin 1an(—CPn_2) € Uy,

rae —(pPn_2 3TO OAHOUAEH BUAA (&) ... 5" 7. ]
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Caep0BaTEABHO, TPETUH IYHKT TOXKE BHIITOAHEH, X MBI MOYKEM IIPUMEHUTDH Teopemy 58, uTo-
2
6Bl 3aKAIOYUTH, YTO PEIIETKA IMOArPynI L = L(/\ E.(R),GLyn (R)) CTaHAAPTHA.
PestoMupysi, MBI BUAUM 4YTO AASI BHEIIHET'O KBAaApPaTa IAEMEHTAPHON I'PYNNBI BHITOAHEHO

CTaHAAPTHOE OIIMCAaHME HAAI'DYIIIL.

Teopema 71. ITycms R — xommymamusroe koavuo ¢ 1 u obpamumodi 2. ITycmv maxorce
n > 6, aubon > 4 u 3 € R*. Tozda Oaa arbol Hadzpynne, H enewnrezo xeadpama sae-

o 2 o o
menmaprot 2pynnu. N E(R) cywecmeyem eduncmeerHuill Hauboavwuti udeas A Koavua

R maxotl, wmo
N En(R) - En(R,A) < H < Nepym (A En(R) - Bn (R, A)).

HpI/I 3TOM TeopeMa 16 AA€T aABTEPHATHUBHOE OIIMCAHNE HOPMaAN3aTOPa, da UMEHHO, OH PAaBE€H

COOTBETCTBYIOIIEY KOHTPYIHII-IIOATPYIIIIE YPOBHS A:

Naryr) (A En(R) - En(R,A)) = pi' (A GL,(R/A)).
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SAKAIOYEHUE

HpI/IBeAeM CIINCOK OCHOBHBIX PE3YABTATOB HaCTOHI_TJ;eﬂ pa6OTBI, KOTOPEBIE BBIHOCSATCA Ha 3a-

IITUTY.

(1)

Teopembl 27 u 38 OIUCBHIBAIOT BHEIHIOIO CTEIEHb ITOAHOM AMHENHON TPYIIBI Hap IPO-
U3BOABHBIMU KOABIIAMM Yepe3 CTabUAU3ATOPHI OAHOM MAM HECKOABKUAX KWHBAPUAHTHBIX
dopm. Takum obpasom cxemy A" GL,(_) MOXHO paccMaTpUBaTh C HECKOABKUX TOYEK
3penusi. Aubo Kak crabuamsaTop mpeanra [Intoxkepa (paHee M3BECTHEBIN Crocob), Aubo
KUCIOAB30BAaTh MHBAPUAHTHEIE (DOPMEI UAY BHIBEACHHBLIE U3 HUX YPaBHEHUS.

B Teopeme 43 poKa3aHO CTAaHAAPTHOE PA3AOKEHUE YHUIIOTEHTOB AASI BHENTHUX CTEIleHEN
IIOAHOM AWHENHOW I'PYNIBI, B TO BPEMS AAS BHEUIHMX KBaApaToB B Teopeme 53 Takxke
AOKa3aHa OAHA M3 BapHALWI{ 3TOT0 METOAA — “‘ObpaTHOE pa3AO’KeHUE YHUIIOTEHTOB'.
Teopema 58 mokas3bIBaeT, YTO IPY OIIPEAEAEHHBIX YCAOBUSX Ha rpynny llleBaanre G u ee
noaArpynny D pelreTka IMOATPYIII L(D(R), G (R)) CTaHAAPTHA AAST KOMMYTAaTUBHBIX KOAET],
R.

Teopema 71 yTBEP)KAAET, YTO IPU HEKOTOPHIX IIPEAIIONOKEHUSX Ha PA3MEPHOCTH I'PYII-
IIbI BBIIIOAHEHO CTAHAAPTHOE OIMCAHUE HAATPYIIII AASI BHENTHETO KBaApaTa dAeMEHTapHOR

TPYIIIBI.

AaAbHeﬁmee BO3MOJXHOE€ HaIIpaBACHUE I/ICCAGAOBaHI/Iﬁ aBTOP BHAHKUT CACAYIOIIINM o6pa30M.

[IprMeHUTD Pa3sBUTYIO TEXHUKY AAS APYTUX HEIPUBOAMMEBIX IIPEACTABAECHUN 3AeMEHTapHON

TPYIIbI, HAIPUMED, CUMMETPUYECKON CTeleHN. A TaK’Ke IPUMEHUTH HOBBI METOA, ONUCAHUS

HaAT'DYIIIL AASL TEH3OPHDBIX CTeIleHel u TCH30PHBIX HpOI/IBBeAeHI/If;I OAEMEHTAPHBIX I'DYIIIL.
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INTRODUCTION

The object of research are reductive groups and their irreducible representations over an
arbitrary commutative ring, the subject of research are their structure and properties. The
purpose of research is to classify all overgroups of the elementary subgroups of reductive
groups in irreducible representations.

Relevance of the topic. Based on the classification of finite simple groups in 1984, Michael
Aschbacher established the Subgroup Structure Theorem [3]. It defines eight explicitly described
classes C1—Cg and an exceptional class S for all maximal subgroups of a finite classical group.
The philosophy of the project and ideas of proofs were also described in his survey [4]. Later,
using the theory of algebraic groups, Martin Liebeck and Gary Seitz proposed a much simpler
proof of this theorem [50].

Over the past decades, many researchers studied subgroups of groups from Aschbacher
classes. However almost all results were obtained for some special cases of fields. For example,
over a finite field Peter Kleidman and Martin Liebeck completely investigated maximality of
subgroups in the book [39]. Roger Dye, Oliver King, Shang Zhi Li, and others proved maximal-
ity of groups from Aschbacher classes for arbitrary fields or described its overgroups in cases,
where they are not maximal, see [22-24; 36-38; 42; 47, 48].

The first attempts to transfer such results were initiated by Zenon Borevich and Nikolai
Vavilov [10; 11] for the Aschbacher classes C; + C;. They began a large cycle of research on the
description of overgroups of certain groups from Aschbacher classes [61; 62; 72; 73; 82; 84-89;
94; 95]. To date, this problem remains very relevant, which is confirmed by a large number of
recent publications devoted to this range of problems. Below we list the latest results obtained
in this direction. We recommend the surveys [84; 96; 97|, which contain necessary preliminaries,
the complete history, and many further related references.

From the perspective of the Maximal Subgroup Classification Project, the above-mentioned
Aschbacher classes C; + C, pertains to description of overgroups of subsystem subgroups. This
field of study intensively studied by Alexei Stepanov, Nikolai Vavilov, and others [11; 31; 70].
For the class Cg in the 2000s, overgroups of classical groups were completely described by experts
from the St. Petersburg school [62; 82; 94; 95| and independently from the Chinese school [98;
103-105]. These works were brilliantly resumed by Alexander Luzgarev. He obtained similar
results for exceptional groups [51-53; 91; 92]. The study of overgroups of groups from the class
Cs, the so-called subrings subgroups, began with results of Nikolai Romanovskii, Yakov Nuzhin,
and Anna Yakushevich [66-58]. Later Alexei Stepanov obtained [almost] final results in this
class: for GL,(R) and EO; (R), the description of overgroups is very seldom standard [72; 73],
and for Sp,(R), SO,.1(R), and for the Chevalley group of type F4, such a description is always

standard under certain assumptions on the ring R such as 2 € R* [74]. For the class C4 + C7,
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there are only separate results such as a partial description of overgroups of the tensor product
of elementary groups, see [1; 2]. Recall that over a field the description of overgroups of the
tensor product SL, (K) and SL,,(K) follows from the paper by Shang Zhi Li [46]. For the class
C; description of overgroups, ring extension subgroups, extremely difficult. Only for the general
linear group Shang Zhi Li described overgroups for for an arbitrary finite extension of fields [43;
45]. Over a field he also described overgroups of groups from C, but not from C; [41; 44; 46; 49].

Let us mention another closely related series of works by Vladimir Platonov, Dragomir
Djokovi¢, Robert Guralnick, William Waterhouse, and others [20; 21; 26-30; 63; 64; 102] on
overgroups of semisimple subgroups related to linear preserver problems. In these papers they
consider similar problems on description of overgroups, e.g., for the image of the elementary
group in the adjoint embedding. For arbitrary rings a lot of problems are not solved. There are
only results for classical fields such as C or R.

State of the art. The present research pertains to the exceptional Aschbacher class S,
consisting of almost simple groups in some absolutely irreducible representations. There were
extremely few results for this class over arbitrary rings. Let us note only the two closest fields
of research related to the initial topic. Over finite fields Bruce Cooperstein proved maximality
of the normalizer of the elementary groups in the bivector representation [16]. And for the
polyvector representation over an algebraically closed field description of overgroups of the
elementary groups follows from the results of Gary Seitz on maximal subgroups of classical
algebraic groups, see, for instance [13; 69].

Methods. For description of overgroups we use the base scheme of study developed by
Vavilov and Borevich. However since the research belongs to the exceptional Aschbacher class,
it is necessary to apply modified or even new methods to solve the problem. The work uses the
method of the reverse decomposition of unipotents, Waterhouse’s lemma on the isomorphism
of algebraic schemes, a method of extracting a non-trivial transvection from an intermediate
subgroup based on the concept of a generic element, and other results and methods from rep-
resentation and invariant theories.

Approbation of work. All main methods and results of the dissertation are new, are
equipped with detailed proofs, and are published in refereeing scientific journals, that certifies
their reliability [106-110]. In the case of co-authored works, the author tried to present in
detail only his own contribution but certainly such a strict separation cannot always be done
consistently: in the paper [108] the author proved Theorems 5-7 dedicated to the search of
equations on the scheme A’ GL, and geometric interpretation of these equations, and in the
paper [107] the author owns the results related to the calculation of transporters and normalizers
of Chevalley groups.

Methods and main results of this work were presented in the form of posters and plenary

lectures on the following international conferences.
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e Schools—conference “Lie algebras, algebraic groups, and invariant theory”, 2017;

e Modern Algebraic Geometry, Peking University, China, 2018;

e Schools—conference “Lie algebras, algebraic groups, and invariant theory”, 2020.

The author presented talks on the topic of the dissertation:

e St. Petersburg algebraic D. K. Faddeev seminar, PDMI of RAS, St. Petersburg, 2017;

e Algebraic groups, SPbU, St. Petersburg, 2021.

The work is of theoretical nature, its results can be applied in the theory of linear algebraic
groups, when holding educational and scientific seminars.

Organization of the dissertation. The work consists of four sections and of the conclusion.
The first Section is devoted to all technically complex calculations that are related to the
description of overgroups of the elementary groups. The lower level of an intermediate subgroup
is constructed, the normalizers of connected intermediate subgroups are calculated. In the
second Section we discuss the structure of the general linear group in polyvector representations.
In §2.1 we recall the necessary known results to describe A" GL,(_ ) via the stabilizer of Pliicker
polynomials. In §§2.2-2.3 we construct invariant forms that define A™ GL,(_ ). Over a field these
forms are classically known. We prove the corresponding group scheme to be smooth over Z.
So the latter result holds over an arbitrary commutative ring. Using this concept, in §2.4 we
describe the normalizer of the elementary subgroup.

The third Section contains results related to the decomposition of unipotents and its varia-
tions. We prove stabilization theorems, construct several series of equations defining the general
linear group in polyvector representations, and also develop an idea of the reverse decomposition
of unipotents.

In the fourth Section, a new method is developed that allows us to study the lattice of
subgroups in a Chevalley group containing an image of the elementary subgroup of some another
Chevalley group. The application of this tool for the dissertation problem is presented.

Finally, in the conclusion an overview of main results that are presented to defense is

given, and some possible directions of further research are described.
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1. FUNDAMENTAL REPRESENTATIONS OF THE GENERAL LINEAR GROUP

1.1. Principal notation. In the sequel, we use the following notation, which is utterly standard
in Chevalley group theory.

First let G be a group. By a commutator of two elements we always mean the left-normed
commutator [x,y] = xyx~'y~!, where x,y € G. Multiple commutators are also left-normed,;
in particular, [x,y,z] = [[x,yl,z]. By Yy = xyx~' we denote the left conjugates of y by x.
Similarly, by y* = x 'yx we denote the right conjugates of y by x. y=* is the right conjugates
of y by x or x~'. In the sequel, we use the Hall-Witt identity:

1

oy Lz T x Ty Ty, T =

For a subset X C G, we denote by (X) a subgroup it generates. The notation H < G means
that H is a subgroup in G, while the notation H << G means that H is a normal subgroup in G.
For H < G, we denote by (X)" the smallest subgroup in G containing X and normalized by H.
For two groups F,H < G, we denote by [F, H] their mutual commutator: [F, H] = ([f, g] for f €
Fh e H).

Now let E, F be two subgroups of a group G. Recall that the transporter of the subgroup
E to the subgroup F is the set

Trang(E,F) ={g € G| E9 < F}.
In fact, we mostly use this notation in the case E < F, and then
Trang(E,F) ={g € G |[g,E] < FL

Also, we need some notation from elementary ring theory. Let R be an associative ring with
1. By default, it is assumed to be commutative. By an ideal I of the ring R we understand the
two-sided ideal and this is denoted by I < R. As usual, R* denotes a multiplicative group of the
ring R. A multiplicative group of matrices over the ring R is called a general linear group and is
denoted by GL,(R) = M, (R)*. A special linear group SL, (R) is a subgroup of GL,(R) consisting
of matrices of determinant 1. By a;; we denote an entry of a matrix a at the position (i,j),
where 1 < 1,j < n. For entries of the inverse matrix we use the standard notation af; := (a™');;
and for the j-th column or the i-th row of a we write a,; and a;,.

Further, e denotes the identity matrix and e;; denotes the standard matrix unit, i.e., the
matrix that has 1 at the position (i,j) and zeros elsewhere. By t;;(§) we denote an elementary
transvection, i.e., a matrix of the form t;;(&) = e+ &e;j, 1 <1 #j < n, & € R. The following

relations are well known, see [75].
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(1) additivity:
ty(E)t;(Q) = ti(E+ Q).

(2) the Chevalley commutator formula:

e, if j #h, i #k,
[t (&), tai (O] = 9 tir (£Q), if j = h,i#k,
tni(—CE), ifj#hi=k.

A subgroup E,(R) < GL,(R) generated by all elementary transvections is called an [absolute]
elementary group:

En(R) = (t;(€), T<i#j <n,E €R).

It is easy to calculate the centralizer of the elementary group Cu, (r) (En(R)) = Re and
CaL,(r) (En(R)) = C,(R) = Ae, A € R* — the center of the group GL,(R). In particular,
C(En(R)) = un(R) — roots of 1 of degree n in the ring R. Indeed, for n > 2 the group E,,(R) is
absolutely irreducible, i.e., it additively generates M, (R).

Now define a normal subgroup of E, (R), which plays a crucial role to calculate levels of
intermediate subgroups. Let I be an ideal in R. Consider a subgroup E, (R,I) generated by all
elementary transvections of level I, i.e., E,(R,I) is a normal closure of E,(I) in E,(R). This

group is called a [relative] elementary group of level I:
E. (R, 1) = (ti;(8),1 <i#j<n,&e)E®,

If n > 3, then for a commutative ring R Suslin’s theorem [76] states that the elementary
group is normal in the general linear group GL,(R). Moreover, under the same assumption
the group E,(R,I) is generated by transvections of the form z;;(&,C) = tj:(Q)ti;(&)t:(—0),
1<i#j<n, &€l C€R. This fact was proved by Leonid Vaserstein and Andrey Suslin [81].

By R"™ we denote the free right R-module. It consists of columns with coordinates in the
ring R. The standard basis of R" is denoted by e;,...,e,. Let P, be a [standard] parabolic
subgroup of the coordinate subspace (e;,...,en). It equals the stabilizer Stab((e1, ey em>).
Its conjugates are called parabolics of type P,,. Further, let U,, be a subgroup of P,, generated
by elementary transvections t;;(&), where 1 <i<mym+1<j < n,& € R It is called the
unipotent radical of P,,. Obviously, U,, is an abelian normal subgroup of P,,.

By [n] we denote the set {1,2,...,n} and by A"[n] we denote an exterior power of the set

[n]. Elements of A"[n] are ordered subsets I C [n] of cardinality m without repeating entries:
/\m[n] = {(ihib ceey im) | ij c [TL]}

We use the lexicographic order on A" [n] by default: 12...(m—1)m < 12...(m—1)(m+1) < ...



81

Usually, we write an index [ = {ij}j“;1 in the ascending order ; < i; < -+ < i;,. Sign sgn(I)
of the index I = (i,...,1n) equals the sign of the permutation mapping (i,...,1m) to the
same set in the ascending order. For example, sgn(1234) = sgn(1342) = +1 but sgn(1324) =
sgn(4123) = —1. Moreover, we define the sign for two intersecting indices I, ] as follows. Let
INJ = K, then sgn(I,]) := sgn(KI,KJ)sgn(I — KI)sgn(] — KJ), where the first sign equals
sgn(I,]) by definition and the latter two signs are defined similarly to the usual sign as the
parity of the number of inversions for indices I and | in KI and K]J, respectively. For example,
sgn(1235,1246) = sgn(35,46)(+1)(+1) = —1 but sgn(1235,1346) = sgn(25,46)(—1)(+1) = +1.
We extend the definition of the sign to multisets. Let sgn(i;,...,1i,) = 0, if there are identical
numbers in the set i, ...,1y. For an arbitrary index I = {i1,...,im} € A"l by {i1,...1py ...y im}
we denote the index I\ i, € A" '[n].

Finally, let R be a commutative ring and let n > 3, m < n. By N we denote the binomual
coefficient (:1) In the sequel, we denote an elementary transvection in En(R) by ti;(&) for
I,J € A"[n] and & € R. For instance, the transvection ty,;3(&) equals the matrix with 1’s on the

diagonal and ¢ in the position (12,13).

1.2. Exterior powers of elementary groups. Let R be a commutative ring with 1 and let R™
be the right free R-module with the standard basis {e;,...,e,}, n > 3. By A"R™ we denote the
universal object in the category of alternating m-linear maps from R™ to R-modules. Concretely,
take the free module of rank N = (:1) with the basis e, /\.../\e;,, where 1 <11 <... <1, < n,
1 < m < n. The elements e;;, \.../\ e, for arbitrary i,...,1,, are defined by the relation
€o(iy) /N ...\ eg(i,) =sgn(o) ey, /A.../\ e, for any permutation o in the permutation group S,,.

For every m define A" as a homomorphism from GL, (R) into GLyN(R) by
/\m(g)(eh JAREENAN eim) = (th ) JARRRVA (geim)

for every ei,,...,e;,, € R". Thus in the basis e;,I € A"[n] a matrix A"(g) consists of m-order

determinants of the matrix g with lexicographically ordered columns and rows:

(A™(9)),, = (A"(9) = Alin(g),

LJ - (i'lv-'-yim)»(jh"-vjm)

Since A": GL,(R) — GLn(R) is a homomorphism, A™ is a representation of the group
GL,.(R) of degree N. It is called the m-th wvector representation or the m-th fundamental
representation (the representation with the highest weight @, ). A" GL,(R) is called the
m-th exterior power of the general linear group. E,(R) is a subgroup of GL,, (R). Therefore the
exterior power of the elementary group is well defined. The following lemma is an elementary

corollary of Suslin’s theorem:

Lemma 1. The image of the elementary group s normal in the image of the general linear
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group under the exterior power homomorphism:
A" (En(R)) <A™ (GLn(R)).

We cannot but emphasize the difference for arbitrary rings between /\m(GLn(R)) and
A" GL,(R). The first group is the image of the general linear group GL,(R) under the
Cauchy-Binet homomorphism: A": GL,(R) — GL(;) (R), while the second one is the group
of R-points of the group scheme A" GL,. Since epimorphisms of algebraic groups on points
are not surjective, we see that A" GL,(R) is strictly larger than A" (GLn(R)) for rings. In
fact, see §2, elements of A" GL,(R) are still images of matrices, but coefficients are not from
the ring itself, but from its extension. This means that for any commutative ring R elements
g € A" GL,(R) can be represent in the form § = A"g, g € GL,,(S), where S is an extension of
the ring R. We refer the reader to [93] for more precise results about the difference between
these groups.

The following characterization of the elementary group plays a crucial role in the sequel. It
follows from the more general results of Anthony Bak, Roozbeh Hazrat, and Nikolai Vavilov,

see [5; 6; 32]. Note that in these papers the following result was not explicitly formulated, but

it is immediately follows from the existence of a nilpotent filtration of GL,(R).

Lemma 2. Let R be a Noetherian commutative ring, n > 3. Then E,(R) s the largest

perfect subgroup in GL, (R).

In other words, the elementary subgroup is the perfect radical of the general linear group.
This immediately implies that E,(R) is a fully characteristic subgroup for Noetherian rings.
Obviously, then A" E,,(R) is also the perfect radical of GLy(R). We use the inductive system
of all finitely generated subrings in R with respect to inclusion to reduce proofs to Noetherian

rings.

Lemma 3. Let Ri,i € I be an tnductive system of rings. Then
GLn (lim R;) = im GLn(Ri), En(limR;) = lim E, (R;).

For the general linear group this fact is well known. It is valid simply because this is an
affine group scheme. Since the elementary subgroup is generated by the groups of points of
affine group schemes X, j, we see that for E, this fact is also valid.

Note that A" E,(R) is normal not only in the image of the general linear group but in
A" GL,(R). The following result is a very special case of Theorem 1 in the paper by Victor

Petrov and Anastasia Stavrova [60].

Theorem 4. Let R be a commutative ring, n > 3. Then A" E,(R) < A" GL,(R).
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For the exterior powers of the general linear group, the exterior square plays a special role.
In all problems related to the calculation of overgroups, normalizers A" E,(R) in GL(n)(R),

the construction of invariant forms defining the group A" GL,.(R), and for many others, the
exterior square compares favorably with the general case. First technically overloaded proofs
of statements in the general case are often a generalization of simpler proofs for the exterior
square. Second there are some results for the exterior square, which cannot be obtained even for
the exterior cube or other powers. For instance, in the section 3.1 we construct a transvection
T.; € N E.(R) such that it stabilizes an arbitrary column of a matrix g in GL(T;)(R). At the
same time there are no analogues of this transvection for other exterior powers.

Let x € E,(R). The following proposition can be obtained by the very definition of the

[classical|] Binet—Cauchy homomorphism.

Proposition 5. Let t;;(&) be an elementary transvection in E,(R), n > 3. Then A"ti;(&)
equals
Nti(&) = ] twiw(sen(i, L) sgn(j, L&) (1)
Le A" i)

forany 1 <i#j<n.
Similarly, one can get an explicit form of torus elements hg, (&) of the group A" GL, (R).

Proposition 6. Let di(&) = e+ (E—1)ei; be a torus generator, 1 < i< n. Then the exterior
power of di(&) equals a diagonal matriz, with diagonal entries 1 everywhere except in (7))
positions:

N(ae) =40 Tl 2)
1,  otherwise.

As an example, consider At; 3(&) = t124.234(—E&) 125,235 (— &) t1as 3a5(&) € N Es(R) and A'dy (&) =
diag(&,&,&,1,&) € A" Es(R). It follows from the propositions A"t;;(&) € E(n-) (N, R), where by
definition every element of the set EM(N, R) is a product of M or less elementary transvections.
In other words, the residue of a transvection res(A"t;;(&)) equals the binomial coefficient (:1:2])
Recall that the residue res(g) of a transformation g is the rank of g —e. Finally, there is a
simple connection between the determinant of a matrix g € GL,,(R) and the determinant of

A"g € A" GL,(R), see [100, Proof of Theorem 4]:

“)m
n

det A"g = <det(g)>(‘“ nr)

= (det(g))(m—‘ .

1.3. Elementary calculations technique. For an arbitrary exterior power calculations with
elementary transvections are huge. In this section, we organize all possible calculations of a

commutator of an elementary transvection with an exterior transvection.
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Proposition 7. Up to the action of the permutation group there ezist three types of com-
mutators with a fized transvection ti;(&) € Ex(R) :
(1) [ty (&), A"t;:(Q)] =1 tf both i ¢ 1 and j ¢ ] hold;
(2) [tiy(&), A™t54(Q)] = ty5(+CE) if either i€ 1 orj € J. And then T=1\iUj or ] =]\jU1,
respectively;

(3) If bothi €1 andj € ] hold, then we have the equality:
[ty (£), A"t5:(0)] = t;(£CE) - ty5(£CE) - ty5(£C7E).

Note that the latter case is true whenever I\ i # J \ j, otherwise we obtain [t;;(&), tj(£()].

This commutator cannot be presented in a simpler form than the very definition.

1.4. Level computation. Let H be an overgroup of the exterior power of the elementary group
A" E,.(R):
A" En(R) < H < GLn(R).

Consider two indices I,] € A"[n]. By A;j we denote the set
Arp={&£ € R[t(E) e HI CR.

By definition diagonal sets A equal whole ring R for any index I. In the rest of the section,
we prove that these sets are ideals, 1. .e., A;; form a net of ideals. Moreover, we will get D-net
in terms of Zenon Borevich [9] by the latter statement. The first step to the level computation

is the following observation.

Proposition 8. If [IN]J| =[KNL|, then sets Ar; and Ag1 coincide. In fact, Ay are ideals
of R.

But first we prove a weaker statement.

Lemma 9. Let I,],K,L be different elements of the set \"[n] such that INJ|=|KNL =0.

If n > 2m, then sets Ay; and Ax coincide.

Proof of the lemma. The sets A coincide when the set U] is fixed. This fact can be proved
by the third type commutation due to Proposition 7 with ¢ and —(¢. If £ € Apj, we get a
transvection t;;(&) € H. Then the following two products also belong to H:

[ty (&), A" t5,(Q)] = tyj (£CE) - t5(£CE) - ti,j(iczé)
[t (&), A"t4(—Q)] = 5 (FCE) - t5(FCE) - t5(£C2E).
This implies that the product of two factors on the right-hand sides tm(izczé) belongs to H.

It can be easily proved that the set [ U] can be changed by the second type commutations.
For example, the set [; U J; ={1,2,3,4,5,6} can be replaced by the set [, U], ={1,2,3,4,5,7}
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as follows

[t12356(&), N'te7(Q)] = ti23,457(E0).
O

Proof of Proposition 8. Arguing as above, we see that the sets A;; and Ay coincide in the
case IN]J=KNL, whereny=n—[INnJ[>22-m—=2-]INn]J|=2-m,.

In the general case we can prove the statement by both the second and the third types
commutations. Let us give an example of this calculation with replacing the set InJ = {1,2}
by the set {1,5}.

Let t123124(&) € H. So we have [ti23124(8), N't25(0)] = tizs1a5(—E0) € H. We commute
this transvection with the element /\3t5,2(C1 ). Then the transvection t;3s; 2u(—CEL) belongs to
H as well as the product t173124(£CC1) - ti35145(—Ci1EC) € H. From the latter inclusion we see
tizs145(—G1EC) € Hand INJ ={1,5}.

To prove that all A;; are ideals in R it is sufficient to commute any elementary transvection

with exterior transvections with ¢ and 1:
try(EQ) = [ty (&), A™4:(Q), Ati;(£1)] € H.

]

Let t;;(&) be an elementary transvection. Let us define a distance between I and | as the
cardinality of the set I N J:
d(L]) =[In]Jl.

This combinatorial characteristic plays the same role as the distance function d(A, i) for roots
A and p on the weight diagram of a root system.

Now Proposition 8 can be rephrased as follows. Sets A;j and Ak coincide for the same dis-
tances: Aj; = Ax = Ajny. Suppose that d(I,]) is larger than d(K, L), then using Proposition 7,
we get Ay < AgL.

Summarizing the above arguments, we have
AcZ2A1Z2A2 ... 2 A2 2 Anr.

Proposition 10. The ideals Ay coincide forn > 3m. More accurately, the inverse inclusion
Ax < Ayi1 holds if n > 3m — 2k.

Proof. The statement can be proved by the double third type commutation as follows. Let
§ € Ay, i.e, a transvection ti;(§) € H for d(I,]) = k. By the third type commutation
with a transvection A"t;;((), we have t;;(4+CE) - t;5(+CE) € H. Let us consider an analogous
commutator with specifically chosen transvections ty, j, (&) € H and A™t;,;,(C1). We get that
ty, , (£GE) -ty 5, (£6E) € H. The final step is to commute the latter products.
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The choice of transvections goes in the way such that the final commutator (initially of the
form [ab, cd]) equals an elementary transvection. This choice is possible due to the condition
n > 3m — 2k.

Let us give a particular example of such calculations for the case m = 4. This calculation
could be easily generalized. The first three steps below correspond to the inclusions Ay < Ay,
A1 < Ay, and A; < Aj, respectively. We emphasize that the ideas of the proof of all three steps
are completely identical. The difference is only with a choice of the appropriate indices. We
replace the numbers 10, 11, 12 with the letters «, 3, v, respectively.

(1) Let & € Ay. Consider the mutual commutator

[[t1234,5678(£)> AN'tsa(Q)], [tagep 123y (8), /\4ty,4(C1)]] € H.

It is equal to the commutator

[t12344567(—E&C) - ti2385678(—CE )y taoap,1234(EC1) - toapy23y (C1E)] € H,

which is a transvection tionpser(&2C1C) € H. As the result, Ay < A;.

(2) For & € A, consider the similar commutator

[[t1234,1567(5)> N't74(0)], [trago 1230 &)y N'taa (G )]] € H.

Thus
[t1234,1456 (EC) * t1237,1567(—CE), t1ag,1234(EC1) - tigow1230(—C1E)] € H.

Again, this commutator is equal to tige 1a56(—&2C1C) € H, i.e., A7 < A,.
(3) Finally, let & € A,. Consider the commutator

[[t1234,1256(5)> N'tea(Q)], [tr2as1237(E), /\4t7,4(C1)]] € H.

It is equal to the commutator

[t1234,1245(—&C) - t1236,1256(—CE&)y t1248,1234 (EC1) - t1278237(—CiE)] € H,

which is the elementary transvection t124s1245(&*¢1C) € H. Thus A; < As.
O

We proved that all ideals A; coincide for a large enough n. However the following proposition
shows relations between the ideals without this restriction. Recall that the residue res of an

exterior transvection A"t;;(&) equals the binomial coefficient (:1:2])
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Proposition 11. The ideals {Ao,...,An_1} are interrelated as follows:

Ax < Ay, form 2 3m — 2k;
AcZAZ2A 2.2 A0 2 Ans

res 'Am_z < Am_1.

Proof. The first two series of relations is proved in previous calculations. Therefore we must
only prove that res-A,, » < An_1. Again, we use the third type commutation.

Let & € Ay, i.e., for any indices I, ] with d(I,]) = m — 2 a transvection t;j(&) € H. Note
that if i € [,j € ], then in the commutator

[ty (&), A™t5,:(Q)] = ty(£CE) - ty5(£CE) - ty5(£C%E)

the transvection tij(:I:CZE) belongs to the group H. Indeed, the distance of indices I=1iu j
and ] = J\j U1 coincides with the distance of I,]. At the same time the distance of I,] and
I,] equals m — 1. Thus t1y(£CE) - t5(+CE) € H for all indices I, ] with d(I,]) = m —2 and all
different i € I,j € J.

Consider A"t1,(£C) € H, where { € R. By the definition of exterior transvections (1), we
have A"t12(&C) = [ tuur,wz2(&C). The proof is to consistently reduce the number of factors in
the product by mulgciplication A"t1,(&C) on appropriate transvections tyy (£CE) - tj(+CE) € H.
Finally, we get an elementary transvection tpy; pu2(c&C), where the distance of the indices equals
m — 1 and the coefficient ¢ equals (:;%)

Let us give an example such argument for the exterior cube of the elementary group of
dimension 5. Take & € A1, { € R, N't12(80) = 134234 (£Q) 135,235 (£CQ) tias 245 (£Q).

First consider the commutator [ti3445(&), /\3t5,3(C)] € H. As we mentioned above, the matrix
z1 = t134234 (&) tias 45 (EC) € H. Thus

Nt12(80) - 21 = t135,235(EQ) tuas 2a5(2EC) € H.

To get an elementary transvection, consider one more commutator
[t135.245(8), N'ta3(—C)] € H. Then the matrix z; = tis525(E0)t135.235(—&C) € H. It remains to
multiply /\3t1,2(£C) and z;z,. We get the transvection tis5,45(3£C) € H. Therefore 36C € A,. [

Lemma 12. For any ideal A < R, we have
En(A)N B0 = By (R, A),
where by definition En(R,A) = En(A)ENR),

Proof. Clearly, the left-hand side is contained in the right-hand side. The proof of the inverse

inclusion goes by induction on the distance of (I,]). By Vaserstein—Suslin’s lemma [81] it is
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sufficient to check the matrix z; (&, ¢) to belong to F := EN(A)/\m Ex(R) for any & € A, ( € R.

In the base case [INJ| = m — 1, the inclusion is obvious:

z15(&, Q) - tr(—&) = [ty,1(0), ty(E)] = A", 4, (0), tiy(E)] € F

Now let us consider the general case [IN ]| = p, ie, I = k... kii...iq and | =
Ki...Kpj1...jq. For the following calculations we need two more sets V := k... kpir...i41]q
and W = k] . kp]1 .. -jqf1iq~

First we express t;;(£) as a commutator of elementary transvections,

z1j(&, Q) =119 5 (8) =119 [ty (&), tyy (1))

Conjugating the arguments of the commutator by t;:((), we get
[ty,v (CE)tLv (&), tyvi(—C)ty;(1)] =: [ab, cd].
Next we decompose the right-hand side using the formula
[ab, cd] = *[b, c] - *“[b,d] - [a,c] - “[a, d],

and observe the exponent a to belong to EN(A), so can be ignored. Now a direct calculation,

based upon the Chevalley commutator formula, shows that

[b,c] = [trv(E), tvi(—C)] € F (by the induction step for the distance m —1);
“[b, d] =19 [ty (&), tyy (1)) = tyw (EC) tiw(—EQ) - Nasq F05(8);
[a,¢] = [tjv(CE), tva(—Q)] = ty1(—C%E);
“la,d] =19 [ty (CE), tyy(1)] =
=ty (—E3(1 + £ tyw(—£22) - N besa =0ty (80) - AN benn 9z (28, 1) €€F,
(by the induction step for the distance p + 1)

where all factors on the right-hand side belong to F. O

Corollary 13. Suppose A be an arbitrary ideal of the ring R; then
A" En(R) - En(R,A) = A"En(R) - En(A).

If n > 3m, then the ideal A = A is called a level of the overgroup H. Conversely, for
n < 3m a level consists of up to m ideals. An m-tuple of ideals A = (Ao,...,A_1) of the
ring R is called admassible if A satisfies the relations in Proposition 11. Then the level of H
is an admissible m-tuple A. Summarizing Proposition 10 and Lemma 12, we get the following

important result.
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Theorem 14 (Level computation). Let n > 3m. For an arbitrary overgroup H of the group

A" E,.(R) there exists a unique mazimal ideal A of the ring R such that
A" Eq(R) - En(R,A) < H.
Namely, if a transvection t1;(&) belongs to the group H, then & € A.

In the general case every admissible m-tuple A corresponds to the group EA™ E, (R, A) :=
A" E.(R) - EN(R,A). This group is defined as a subgroup generated by A" E,(R) and by all

elementary transvections t;;(&), where & € Ay:
EA"En(R,A) = A"En(R) - (t1j(&), & € Ayy).

Theorem 14'. Let n > 4. For an arbitrary overgroup H of the group A" E.(R) there ezists
a net of ideals A of the ring R such that

/\m En(R) ’ EN(R) A) < H.

Namely, if a transvection t1;(&) belongs to the group H, then & € Ayj.

1.5. Normalizer of EA"E, (R, A). In this section, we describe the normalizer of the lower

bound for a group H.

Lemma 15. Let n > 3m. The group EA" E.(R,A) := A" E,.(R) - EN(R, A) s perfect for any
1deal A < R.

Proof. 1t is sufficient to verify all generators of the group A" E.(R) - Ex(R,A) to lie in its
commutator subgroup, which is denoted by F. The proof goes in two steps.

e For transvections A™t;;() this follows from the Cauchy-Binet homomorphism:
N"t:5(0) = A" (Itin(Q)y tig (1)]) = [Nt (€), At (1)].

e For elementary transvections t;(&) this can be done as follows. Suppose that IN] =K =
Ki...kp, where 0 <p<m—1,ie, I =k...kpiy...igand | = ky...kpji...jq. Asin
Lemma 12, we define the set V =k;...kpji...jq-11q, and then

ty(&) = [tyv(&), tyy(1)] = [tl,v(a)»/\mtiq,jq(i”] )

so we get the required.
O

Let, as above, A < R and let R/A be the factor-ring of R modulo A. Denote by pp: R — R/A
the canonical projection sending A € R to A = A + A € R/A. Applying the projection to all



90

entries of a matrix, we get the reduction homomorphism

pa: GL,(R) — GL,(R/A)

a — a= (ﬁi)j)

The kernel of the homomorphism pa, GL.(R,A), is called the principal [relative] congru-
ence subgroup in GL,(R) of level A. Now let C, (R) be the center of the group GL,(R)
consisting of the scalar matrices Ae,A € R*. The full preimage of the center of GL,(R/A),
denoted by C,(R,A), is called the full [relative] congruence subgroup of level A. The
group C, (R,A) consists of all matrices congruent to a scalar matrix modulo A. Note that
A" GL,(R,A) < CA"GL,(R,A), A" GL,(R,A) and CA" GL,(R,A) are normal in A" GL,(R).
We further concentrate on study of the full preimage of the group A" GL,(R/A):

C A" GLn(R,A) = p, (A" GLn(R/A)).

A key point in the reduction modulo an ideal is the following standard commutator formula

proved by Leonid Vaserstein [80], Zenon Borevich, and Nikolai Vavilov [11].
[En(R), Cn(R,A)} = E.(R,A) for a commutative ring R and n > 3.
Finally, we are ready to state the level reduction result.
Theorem 16. Let n > 3m. For any ideal A < R, we have
Newy(®) (EA"En(R,A)) = CA” GLn (R, A).

Proof. In the proof by N we mean Ngr, (r)-
Since En(R,A) and GLy(R, A) are normal subgroups in GLy(R), we see

N(EA"E.(R,A)) < N (EA"E.(R,A) GLx(R,A)) = CA” GLA(R, A). (3)
—_—
=A" E.(R)EN(RA)

Note that the latter equality is due to the normalizer functoriality:

N (EA"Eq(R,A) GLn(R,A)) = N (px' (N"Eq(R/A))) =
pa' (N(A"Eq(R/A))) = pa' (A" GLa(R/A)).

In particular, using (3), we get
[CA"GL.(R,A),EA"E,.(R,A)] < EA"E,(R,A) GLx(R, A). (4)

On the other hand, it is completely clear EA™ E,,(R,A) to be normal in the right-hand side
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subgroup. Indeed, it is easy to prove the following stronger inclusion:
[A" GL, (R) GLN(R,A),EA"E, (R,A)] < EA"E,(R,A). (5)
To check this we consider a commutator of the form
[xy,hgl,  x € A"GLn(R),y € GLn(R,A),h € A"E,(R),g € En(R,A).

Then [xy,hg] = *[y,h] - [x,h] - Mxy, g]. We must prove all factors on the right-hand side to
belong to EA" E,,(R, A). Right away, the second factor lies in the group EA™ E, (R, A). For the
first commutator we should consider the following inclusions:

/\m GLn(R) [GLN(R) A)’ /\m En(R)] < Z\m GLH(R) G’LN(R, A)’{\m GLn(R)/\m En(R)J < E /\m En(R) A).

g

=GLn (RA) :Am;n(R)

The element h € A" E.(R), so we ignore it in conjugation. The third commutator lies in
EA"E,.(R,A) due to the following inclusion.

[/\m GLn(R) GLN(R> A)) EN(R> A)] < [GLN(R)a EN (R) A)] = EN (R) A)
Now using (4) and (5), we get
[CA"GL.(R,A),EA"E,(R,A),EA"E.(R,A)] < EA"E.(R,A). (6)

To invoke the Hall—Witt identity, we need a slightly more precise version of the latter inclusion:

[[CA"GL.(R,A),EA"E.(R,A)],[CA" GL,(R,A),EA"E,(R,A)]] <EA"E.(R,A). (7)

Observe that by formula (4) we already checked the left-hand side to be generated by the

commutators of the form
[wv, [z, yl], where u,y € EA"E, (R,A),v € GLy(R,A),z€ CA" GL,(R,A).

However

[uv) [Z) y]] = u[v) [Z) U]] * [u’ [Z) y]])

By formula (6) the second commutator belongs to EA™ E, (R, A), whereas by (7) the first one
is an element of [GLn(R,A), En(R)] < EnN(R,A).

Now we are ready to finish the proof. By the previous lemma, the group EA"E,(R,A) is
perfect, and thus it suffices to show that [z, [x,yl] € EA" E.(R,A) forallx,y € EA"E,(R,A),z €
C A" GL,(R,A). Indeed, the Hall—Witt identity yields

1

[z, [, yll = [z, x 'yl - Yy, 2, x 7',



92

where the second commutator belongs to EA™E, (R,A) by (6). Removing the conjugation
by x € EAT"E.(R,A) in the first commutator and carrying the conjugation by z inside the
commutator, we see that it only remains to prove the relation [[x ', z, (z,ylyl € EA"E,(R,A).

Indeed,
(x7", 2zl [z, ylyl = [Ix 7, 2], [z, y]] - Y [x 7, zl, y),

where the both commutators on the right-hand side belong to EA™E, (R, A) by formulas (6)
and (7), and moreover, the conjugating element [z,y] in the second commutator is an element
of the group EA" E, (R, A) GLn(R,A), and thus by (5) normalizes EA™ E, (R, A). O
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2. NORMALIZER OF EXTERIOR POWERS

Following the standard scheme of description of overgroups, it is required to calculate the
normalizer of A" E,(R). In this section, we show that it equals A" GL,(R). In [93] the authors
proved that A" GL,(R) coincides with the stabilizer of the Pliicker ideal. However this is not
enough to our purpose. We have to use other invariants for the group A" GL,(R), e. g., invariant
forms. For classical and exceptional groups in natural representations over an arbitrary ring,
these forms are well known, see, for instance [82; 91; 92; 94; 95]. In addition, a unified more
general approach was recently developed, see the wonderful paper by Skip Garibaldi and Robert
Guralnick [25]. We also refer the reader to the research [7], especially to Section 4.4, where the

author constructed cubic invariant forms for the group scheme A" SLi,.

2.1. Stabilizer of the Pliicker ideal. First we recall all the main results of the paper [93],
since we use them to calculate the normalizer. Pliicker polynomials are homogeneous quadratic

polynomials fij € R[xn] of Grassmann coordinates xy. In general, Pliicker polynomials

HeA™ ]
can be represented in the form:

fiy= > FX05%)
jeN

where I € A" '[n] and ] € A" '], To clarify the sign of the factors, we extend the definition of

Grassmann coordinates as follows. If there are identical numbers among the set i;,...,1,,, then
Xi;..im = 0, otherwise x, i,, =sgn(iy,...,1im)X{,..i,,}- Thus Pliicker polynomials are
m+1
_— — h . . . N
fI,I - § ( ]) Xiy o Am—13n X1 e met *
h=1

A Pliicker ideal Plu = Plu, ,, <R [XI Ie A" [n]] is generated by all Pliicker relations f;; = 0.

In the sequel, we use the language of weight diagrams to illustrate internal combinatorics
of equations. We refer the reader to the wonderful paper [65], where the authors described all
the rules to construct weight diagrams in detail. The exterior power of the elementary group
A" E.(R) corresponds to the representation of the Chevalley group of type ® = A,_; with
the highest weight @,,. The weight diagram in this case is constructed according to Pascal’s
triangle. We always use two basic examples A’ Es(R) and A’ E;(R). The weight diagram of the
first group is the half square on four vertices, see fig. 1. For A’ E;(R) the weight diagram looks
more complicated, see fig. 2.

Below we show the group A" SL.(R) to be an analogue of the standard Chevalley group
G(®,R), whereas A" GL,(R) to correspond to the extended Chevalley group G(®,R). The
[absolute] elementary subgroup of G(®,R) is A" E, (R). In the majority of the existing con-
structions, A" GL,(R) arises together with an action on the Weyl module V(®,,) = RN. Let

A(@,,) be the weight set of the module V(®,,). Our representation is minuscule, in particular
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Figure 1: Weight diagram (A4, @;) and action ty (&)

Figure 2: Weight diagram (Ag, @3)

the multiplicities of all weights equal 1. As above, A(®@,,) = A"[nl], i.e., all indices A =1 A"[n]
are weights of the representation. Fix an admissible base v}, A € A of the module V = V(®@,,).
We conceive a vector a € V, a = )_Vv'a,, as a column of coordinates a = (ay),A € A.

In fig. 1 we reproduce the weight diagram of the representation (A4, @;) together with the
natural numbering of weights!, used in the sequel. The highest weight is the leftmost one. Recall
that in a weight diagram two weights are joined by an edge if their difference is a fundamental

root o of A,_7.

Lemma 17. Let R be an arbitrary commutative ring. The group A" E.(R) preserves the
Plicker i1deal Plu.

Further, following notation of the paper [93], put G, (R) := Fixg(Plu) for any commutative

Lall weights are ordered in ascending order



95

ring R, where Fixg(Plu) is the set of R-linear transformations preserving the ideal Plu:
Fixg(Plu) :={g € GLn(R) | f(gx) € Plu for all f € Plu}.

Lemma 18. For any n,m the functor R — Fixg(Plu) s an affine group scheme defined

over 7.

Next results are classical known, see [14] and [100, Theorem 4]. Moreover, for the exte-
rior powers these results are mentioned in the paper [93]. Note that our representation A" is

minuscule. It follows that it is irreducible and tensor indecomposable.

Lemma 19. Let K be an algebraically closed field. For any ny,m with T < m < n—1,
the kernel of \" for GL.(K) and for SL,(K) equals w, and pg, where d = gcd(n, m),

respectively.

Lemma 20. As a subgroup of GLn(K) the algebraic group A" (GLH(K)> 18 irreducible and
tensor indecomposable. Moreover, except the case n = 2m > 4, the group /\'“(GLn(K))
cowncides with its normalizer. In the exceptional case of the half dimension this group
has indezx 2 in its normalizer. The same 1is true for the algebraic group N\ <SLn(K)) as a

subgroup of SLn(K).

Using the classification of maximal subgroups in classical groups by Gary Seitz [69, Table 1]
(see also the survey [13] with corrections), it is easy to prove that A™ SL; (K) is maximal for an

algebraically closed field K. The following statement is Lemma 7 of the paper [93].

Lemma 21. Let K be an algebraically closed field. For any n,m,1 < m < n—1 the groups
A" GL,(K) and A" SL,(K) are mazimal among connected closed subgroups in one of the

following groups:

A" GL,(K) : A" SL, (K) :
e 1n GLn(K), 2fn #2m; e 1n SLN(K), of n #£2m;
e 1n GSpy(K), if n =2m & odd m; e 1n Spy(K), if n=2m & odd m;
e in GO (K), if n =2m & even m. e 1 SON(K), of n =2m & even m.

Besides, 1n the ezceptional cases these classical groups are unique proper connected

overgroups of \" GL,(K) and A" SL,(K), respectively.
Corollary 22. Suppose K is an algebraically closed field; then A" GL,(K) = G%,_ (K).

Finally, for the coincidence of the group schemes we must prove that G, is smooth or, what

is essentially the same, to calculate the dimension of the Lie algebra Lie(Gnn).

Lemma 23. For any field K the dimension of the Lie algebra Lie(G,mx) does not exceed

n?.
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Using Theorem 1.6.1 of [99], we get the following result.

Theorem 24. For any n,m,1 < m < n — 1 there is an isomorphism of affine groups

schemes over Z:
GLn /Hm, if 1 #2m,

Gnm %

GL, /W NZ/2Z, if n=2m.

2.2. Exterior powers as a stabilizer of invariant forms I. In this section, we assume that
2 € R* and n > 2m due to the isomorphism A"V* = (A*™"" ™V)* for an arbitrary free R-module
V. The goal of this section is to represent the group A" GL,(R) as a stabilizer group for some
set of (symmetric or skew-symmetric) polynomials. The following theorem is classically known

and can be found in [18, Chapter 2, Sections 5-7].

Proposition 25. Let K be an algebraically closed field. Then A" GL,(K) is a group of
stmalarities of an wnvariant form only in the case .- € N. Moreover, this form is unique
and equal to

® qiy(x) = ngn(h,...,I%) X1y ... X1, for even m;

o qn(x) =2 sgn(L,...,Ix) xy, /\...h;\XI% for odd m,
where the sums in the both cases range over all unordered partitions of the set [n] into

m-element subsets Iy,...,In.

Thus A" GL,,(K) is isomorphic to the group of matrices g € GLy(K) for which there is a
multiplier A € R* such that qfj;(gx) = A(g)qjy(x) for all x € KN, where K is an algebraically
closed field. Obviously, A(g) is a one-dimensional representation of the group GL,, (K). Therefore
A = det®': g — det'(g). To evaluate the power of the determinant, we calculate A(g) for
the diagonal matrix di(§) € GL.(K). Thus qij(A"di(&) - x) = &qy(x). This implies that
Alg) = det(g).

In the sequel, we use the uniform notation q(x) for these forms. This cannot lead to a
confusion as we always can distinguish between two different meanings of q(x) by the power m.
First note that these forms are the only possible ones for the group A" GL,(R). Further, the

coefficients equal +1, so they are defined over Z. Then by direct calculations we get
q(A"g-x) =det(g) - q(x) for any g € GL,(R).

Thus we can assume these forms to be invariant under the action A" GL,(R), where R is a
commutative ring.
In the rest, we assume that m is even for the sake of brevity. However if results are different

for even and odd m, we pay attention. Now for the form q(x) we introduce a [full] polarization.
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Put k := - € N. Define a k-linear form f; ;:

K
Ty (x Z sgn(ly,..., L) Xh <+ XL

where the sum ranges over all ordered partitions of the set [n] into m-element subsets. For odd
m the form ] (x',...,x¥) is set similarly. Again, we denote these forms by the uniform symbol

f(x',...,x*). We focus on ordered partitions in this sum, unlike unordered ones in q(x).

Proposition 26. Let R be an arbitrary commutative ming. If - € N, then the form f is
invariant under the action of A" E.(R). In addition, the form f is multiplied by & under

the action of a weight element N"d;(&).

Proof. First note that for rings the multiplier A(g) equals the determinant too. Indeed, A(g)
is a one-dimensional representation, i.,e., is a homomorphism GL, (R) — GL;(R). Moreover,
A(g) is a polynomial map that equals the determinant of g over C. Thus A(g) = det(g) for an
arbitrary ring R. And then the statement is obvious. But below we prove the proposition by
direct calculation.

Show that f(gx',...,gx*) = &f(x',...,x*), where g = A"di(&). Since Ij,..., I} is a par-

tition of the set [n], we get that in every monomial xh ...x‘fk of the form f, the number

i belongs to only one variable x| . Thus every monomial of f(gx',...,gx*) has the form
1
x]oxp ! EXE T L

Now let g = A"t;(£). By (1) the matrix g equals the product of transvections
tir i (sgn(i, L) sgn(j,L)E) for all L € A"'[n \ {i,j}]. Hence in the vector gx,x € RN ex-

actly (»~2) coordinates change: (gx)i = xii + sgn(i,L)sgn(j,L)&x;.. Then in the form

f(gx',...,gx*) — f(x',...,x*) all monomials have the form

j:x}] ...x}l_j] (sgn(i,l_) sgn(j,L)Ex}L)th] X

where I; =1L, L € A™ ' [n ~ {i,j}]. Let I;,..., I, be a partition of [n], where I, = iL,, I, =jly,
L;,L, € A" ' [n~{i,j}. Then the indices I, ..., I, where I, = jL;, ip = il, are a partition of

[n] too. Therefore the sum of the corresponding monomials equals

sgn(Ty ..., Tx], «ooxd, ooxp ) (sgn(i, Li)sgn(j, L1)&x ]h)xﬁﬂ] L XE

sgn(L,...,Tk)x%] "'X}h ...X%Lj (sgn(l Lz)sgn(),Lz)Elez) B Xk

IL 1 I
It remains to check that the corresponding signs are opposite:
sgn(ly,..., L) sgn(i, L) sgn(j, L) = —sgn(Ly, ..., T) sgn(i, L2) sgn(j, L)
Multiplying this equality by sgn(j, L,) sgn(j, L;), we obtain

SgIl(h, RS Ik) Sgl’l(i, I—]) Sgl’l(j, LZ) = Sgn(ih RS ik) Sgn(i) LZ) Sgn(j) L )
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And this is equivalent to

sgn(ly,..., Iy) = —sgn(ly,..., L),

where the indices [, Tp and I, I; are unordered.
If m is even, then this equality is equivalent to sgn(il;,jL,) = —sgn(jL;,iL,). Since iL;,jL;
and jL;,iL, differ by an odd number of transpositions, the signs are opposite. Similarly, I;,..., I

and Ij,..., I differ by an odd number of transpositions for odd m. ]

Let us define a group G¢(R) as the group of linear transformations preserving the form

f(x!, ..., x*):
G¢(R) :={g € GLn(R) | f(gx',...,gx*) = f(x',...,x") for all X', ..., x* € RN}.

It is an analogue of the Chevalley group for the exterior powers. The extended Chevalley group

satisfies similarities of f(x',...,x"):

G¢(R) :={g € GLN(R) | there exists A € R* such that
flgx', ..., gx") = A(g)f(x',...,x") for all x',...,x* € RN}

Obviously, the functors R — G¢(R) and R — G¢(R) define affine group schemes over Z. Thus in
the case k :== & € N we can expect the group A" GLy,(R) to coincide with G¢(R) and A" SLy(R)

to coincide with G¢(R). This is almost true and the following theorem gives a precise answer.

Theorem 27. Suppose * € N; then A" GL,(R) coincides with G¢(R) except the case of the
half dimension. Namely, if n = 2m, then G¢(R) = GOn(R) or GSpy(R) depending on the
parity of m. So in this case \" GL,(R) is a subgroup of the orthogonal or the symplectic
group, respectively. The same is true for A" SL,(R) and G¢(R).

Remark 28. If (n,m) = (4,2), then the stabilizer equals GO¢(R). And it also coincides with
N GL4(R).

The proof uses the following lemma,? which is Theorem 1.6.1 of [99]. This result essentially
reduces the verification of the isomorphism of affine group schemes to the isomorphism of their
groups of points over algebraically closed fields and the dual numbers over such fields. Recall
that the algebra K[d] of dual numbers over a field is isomorphic as a K-module to K & Kb, with

multiplication given by & = 0.

Lemma 29. Let G and H be affine group schemes of finite type over Z, where G 1s flat, and
let : G — H be a morphism of group schemes. Assume that the following conditions
are satisfied for any algebraically closed field K :

(1) dim(Gk) > dimy(Lie(Hg)),

2Similarly, the statement can be proved using SGA, Exp. VI b, Cor. 2.6
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(2) ¢ wnduces monomorphisms of the groups of points G(K) — H(K) and G(K[d]) —
H(KI8]),
(3) the normalizer $(G°(K)) in H(K) is contained in $(G(K)).

Then ¢ s an isomorphism of group schemes over Z.

Here G° denotes the connected component of the identity in G, Gy denotes the scheme
obtained from G by a change of scalars, and Lie(Hg) denotes the Lie algebra of the scheme Hy.
Observe that in our case the preliminary assumptions on the schemes are satisfied automatically.
All considered schemes are of finite type being subschemes of appropriate GL,,. Flatness follows
from the fact that G is connected. For the scheme G° all reductions schemes G% are smooth
connected schemes of the same dimension. Moreover, in the previous subsection we showed that
the normalizer of A" GL, (K) in GLn(K) coincides with A™ GL,,(K). Thus we only must verify

the first two conditions of the lemma.

Proposition 30. Suppose K is an algebraically closed field and n # 2m; then

A"GL.(K) = Gy(K)  and  A™SLy(K) = G¢(K).

Proof. The group A" GL, (K) preserves the invariant form f(x',...,x*) by Proposition 25, thus
A" GL,(K) < G¢(K). Since A" GL,(K) is connected, we have A" GL, (K) < E?(K). Further, from
Lemma 21 it follows that A" GL, (K) is maximal among connected closed subgroups in GLy(K).
Since G¢(K) is a proper subgroup of GLy(K), we obtain the reverse inclusion. For the group

A" SL,(K) the proof is similar. O

It only remains to evaluate the dimension of the Lie algebras G and G;. First let us recall
how the Lie algebra of the scheme G, is defined, see §2.1. We follow the paper by William
Waterhouse [99], where such similar calculations were performed in Lemmas 3.2, 5.3, and 6.3.
Let K be an arbitrary field. Then Lie algebra Lie((Gy)x) of an affine group scheme (G¢)k is most
naturally interpreted as the kernel of the homomorphism G;(K[6]) — G¢(K), sending 6 to O,
see [8; 34; 35; 101]. Let G be a subscheme of GL,. Then Lie(Gg) consists of all matrices of the
form e + zd, where z € M,,(K), satisfying the equations defining G(K). In the following lemma

we specialize this statement in the case where G is a stabilizer of a system of polynomials.

Lemma 31. Let fy,...,fs € K[x1,...,Xx. Then a matriz e + 26, where z € M(K) belongs to
Lie(Fixk(f1,...,fs)) of and only if

ofyn
Z Ziniaixj =0

I<hjst

forallh=1,... s.
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We apply this lemma to the case of the stabilizer of Pliicker polynomials fx(x), where
K € A" '[n], L € A" [n]. There are three types of equations on entries z1j, see, for instance,
the proof of Proposition 3 in [93]. Here by A we denote the symmetric difference of two sets.

e If d(I,]J) < m — 2, which corresponds to the case [[U ]| > m + 2, then z;; = 0.

o If d(I,]) = d(M,H) =m —1 and IA] = HAM, then z;; = £z} m.

e Finally, if d(I,]) = d(M,H) =m —1 and IAH = JAM, then z;; + zyn = 257 £ zmm.
The first item do not contribute to the dimension of the Lie algebra. The matrix entries z;
from the second item give the contribution n(n — 1), whereas the latter item contributes no
more than n linearly independent variables.

We pass to the schemes G¢(K) and G¢(K). The Lie algebra Lie(G¢(K)) consists of the matrices
g = e +yd, where y € My(K), satisfying the condition f(gx',...,gx*) = f(x!,...,x*) for all
x',...,x* € KN, Similarly, Lie(G¢(K)) consists of all matrices g = e + yd, where y € My(K),
satisfying the condition f(gx',..., gx*) = A(g)f(x',...,x¥) for all x!,...,x* € KN,

Theorem 32. If n # 2m, then for any field K the dimension of the Lie algebra Lie(G¢(K))
does not exceed n?, whereas the dimension of the Lie algebra Lie(G¢(K)) does not exceed

nZ—1.

Proof. First observe that the conditions on elements of the Lie algebra Lie(G;(K)) are obtained
from the corresponding conditions for elements of Lie(G¢(K)) by substituting A(g) = 1. Let g
be a matrix satisfying the above conditions for all x',...,x* € KN. Plugging in g = e +y& and

using that the form f is k-linear, we get
6(f(yx1,x2, ey X5 +...+f(x1,...,xk’1,yx")) = (A(g) — DFf(x',...,x5).

Now we show that the entries of the matrix y are subject to exactly the same linear dependencies,
as in the case G,,. By definition f(ej,,..., e, ) = 0 for all indices Ij,..., I, € A"[nl, except the
cases, where {I;} is a partition of the set [n] =1, LI--- LU I,.

o If d(I,]J) < m — 2, then y;; = 0. Indeed, in this case then there is a set of pairwise
disjoint indices L, ..., I € /\“([n] N 1) such that d(J,,) = d(J,I3) = 1 and d(J,L4) =
~o=4d(J, ) = 0. Put x' := e;,x' :=e,2 <1< k. Then f(x',yx,...,x*) = -+ =
f(x',x?%,...,yx*) = 0. It follows that f(yx',x% ...,x*) = +ty;; = 0.

o If d(I,]) = m —1 and IA] = HAM, then y;; = +ynm. Here there is a set of pairwise
disjoint indices M, I,..., Iy € /\m([n] ~ I) such that d(J,M) = 1 and d(],3) = -+ =
d(J, k) = 0. Put x' := ej,x* := em, x' := e1,,3 < 1 < k and denote by H the index [n] \
(JULU---UL). Then f(x',x*,yx,...,x*) = = f(x",%%,...,yx¥) = 0. It follows that
flyx!, %%, ..., x8) + f(x!,yx?, %> ..., x5) = 0. But f(yx',x%,...,x*) =sgn(I, M, I3,..., L) -
Y1, and f(x',yx4, %3, ... x¥) =sgn(], H, I, ..., L) - yum.

e Finally, if d(I, M) = m — 1 and IAM = HAJ, then yi1 —ymm = Ynn — Yj;. Indeed,
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there is a set of pairwise disjoint indices I3,...,I} € /\m([n] \ (TU ])). In other words,
I,],15,..., L is a partition of the set [n]. Put x' := e;,x* ;= ej,x! := ey, where 3 <1 < k.
Then

(Alg) = 1) =8(yri + Yy + Yis,1 + -+ - + Yr i)

On the other hand, H, M, I3,..., I is a partition of [n] too, where U] = HU M. Substi-

tuting x' := ey, x* := em, x' := ey, for all 3 <1< k, we get

(Alg) =1) =8(Ymm + YnH + Y + - - + Y )-

Combining the obtained equalities, we see yi1 +Yj; = Ymm + Yu,H-

Therefore the obtained relations are the same as the relations in the previous lemma. The
matrix entries y;; = 0 with d(I,J) < m — 2 do not contribute to the dimension of the Lie
algebra. The entries y;; with d(I,]) = m—1 give the contribution equal to the number of roots
of @, namely, (n* —n). Finally, the latter item allows us to express all entries yi; as linear
combinations of the entries yy;;, 1 < j < n, where each fundamental root of ® occurs among
the pairwise differences of the weights K;. For instance, one can use the weights {1,...,m—1,p},
where m < p < nand{l,... ,?, ...,m+1}, where 1 <1< m, see [93]. Fig. 3 shows their location
in the weight diagram (As, @,). Therefore the dimension of the Lie algebra Lie(G¢(K)) does not
exceed N> —n +n = n?. The same arguments are also applicable for the case of Lie(G¢(K)). It
suffices to set A(g) = 1. Again, we conclude that the dimension of Lie(G¢(K)) does not exceed
n2.

To conclude the proof of the theorem, we must reduce the dimension of Lie(G¢(K)). For the
sake of brevity, we conceive indices I € A"[n] as roots of the corresponding representation, and
we write roots o« = ¢+ -+ + 11 € Ay in the Dynkin form ¢y ...cn1, where o; are the
simple roots of A,,_;. For example, 6 = 1...1 is the maximal root of A,,_;. Suppose K; is the
highest weight of the representation, and I,..., I is the standard partition of the set [n] \ K;
into m-element subsets, i.e., I, > I3 > -+ > ;. Substituting x' := ex,,x* = ep,,...,x* = ex,,
we get

Yk T YL T YL = 0.

Further, note that for every j: K; —1I; = c% x4+ CL_1ocn_1. Using already proven relations
Y,i—Ymm = Yn,n—Yj, for I-M = H—]J, express all diagonal entries Yy, ;; as linear combinations
of the entries yy; ;- Thus we find a non-trivial relation among yy; ;- Below we do this for
arbitrary exterior power in detail.

In this notation, Ky — I, = 12...m...210...0, Ky — 3 = 12...m...m...210...0, and

m+1 times

in general Ky —Ij = 12...m...m...210...0 for 2 < j < k. Recall that our numbering of
(j—2)-m+1 n—mj
the roots K; is such that o, = Ky — Ky, otm1 = Ko — Ksyooo 001 = Ko — Ko, &y =
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Ko —Kn-mi2y @m—2 = Knomi2 —Kinomsy - - oy 00 = K1 — K, (for the exterior squares o, 1 = o7 =

K; — Kn—m+2). Then for 3 < j < k, we have

Yk — YL = (Yke ke 1 — Ykake) T 20Uk 2K 2 = YKn 1Kn) Fee

+ (m - 1 ) (sz,Kz - yanerZyanerZ)

+ m((yK1,K1 - UKZ,Kz) + - (UK 2)+15Km - — Yk +2»Km[j—2)+2))

+ (M = D (Yk2ys2.Km — Ykm(s2153.Km(; 2M)Jr...

+ Z(UKm(HH»Km(HH - me(]?])»Km(jf])) + (UKm(H), Km(i—1) — YKm( +1,Km(]7n+1)
= MYyg, k, + (m - ”sz,Kz YKmg-2)42.Kmi-2042 — " 7 Y&mi=1)11:Km(G-1)+1

T Yknme2Knoma2 77T T YK Ko

and for j = 2, we have

Yk ki — Yk = (Yke 1Kot — Ykkn) T 2(Ykn 2 K2 = YKo Kng) T o e
+ (M — D (Yo K = YknmsoKnmia)
+ MYk, K — YKo Kz
+ (M — 1) (Yo ks — Yksks) + -
+ 2(Ykm1 Kot — YKok ) T (YK Ko = Ykt K1)
= MYk; K + (M= 2k —YksKs = = Yoot Konas

- yanerZyanerZ - yKTL)KTl'

It remains to add up all the obtained equalities with the equation yx, x, +Y,,, +- - +Yr,1, = 0.

Thus the final equation on diagonal entries is the following

(mlk = 1) = Ky + (M =1k =1) = 1) Yiae — Ykaks = = Yk sk
- (k' - ‘])yanerZ»anmeZ T (k’ - 1)yKn,Kn = O‘

This is precisely the desired non-trivial linear relation among the entries yy; ;, which, over a
field of any characteristic, shows that the dimension of our Lie algebra is 1 smaller than the

above bound. Thus dim Lie(G¢(K)) < n? — 1, as claimed. ]

Let us give an example of latter calculations for A’ E¢(R). Fig. 3 shows the location of Kj in
the weight diagram. From the condition of preserving the form, we have yi1,,12+Y3434+Yse56 = 0.

e Since 12 — 34 = oy + 2 + «3, it follow that

Yi12,12 — Y3434 = (913,13 —y23,23) + 2(912,12 —913,13) + (y13,13 —y14,14)

= 2Y12,12 — Y1414 — Y2323



Figure 3: Diagonal weights in (As, @3)

e And since 12 —56 = o1 + 2(0x; + o3 + &4) + &5, we have

Y12,12 — Ysese = (Y13,13 — Y23,.23) + 2((}}12,12 —Y13,13)
+ (Y133 — Y1a,04) + (Y1414 —915,15)) + (Y15,15 — Yi6,16)

= 2912,12 + Y13,13 — Yi15,15 — Y16,16 — Y23,23-

Thus adding up these three equations, we get a non-trivial linear relation among the entries

Yi2,12 +Y13,13 — Y1414 — Y15,15 — Yie,16 — 2Y23,23 = 0.

Now we verified all the conditions from Lemma 29 and are ready to complete the proof of
Theorem 27.

Theorem 33. If n # 2m, then there are isomorphisms G = A" GL,, Gy = A" SL,, of affine

groups schemes over Z.
Proof. Consider the rational representation of algebraic groups
A": GLn(—) — GLn(-).

From Lemma 19, it follows that the kernel of this morphism equals W,,. Proposition 26 implies

that its image is contained in Gs. Hence A" induce a monomorphism of algebraic groups
d): GLn/lJ'm — Cf-

We wish to apply to this morphism ¢ Lemma 29. Obviously, for an algebraically closed field K
dim(A™ GL, k) = n?, and Theorem 32 implies that dim(Lie(G¢x)) < n?. Therefore Condition 1

of Lemma 29 holds. As we mention above, Condition 3 of Lemma 29 also holds. This means
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that we can apply Lemma 29 to conclude that ¢ establishes an isomorphism of A" GL, (_) and

G¢(_) as affine group schemes over Z. For the scheme G; the proof is similar. O

This isomorphism guarantees that for arbitrary rings the class of transvections from
A" GL,(R) is strictly larger than the images of A"g, where g € GL,(R). Indeed, suppose
n # 2m (otherwise, one has to consider the arguments for the corresponding connected

component of the group). Then the exact sequence of affine group schemes
1 — un — GL, — GL,, /it — 1
gives an exact sequence of Galois cohomology
1 — um(R) — GL,(R) — GLy /um(R) — H'(R, i) — H'(R, GL,) — H'(R, GLy /i )-

The values of all these cohomology sets are well known, see [40, Chapter III, §2] or [93, §9],
in particular for the exterior square also see [99]. H'(R,GL,) classifies projective R-modules
P of rank n, in particular, H'(R,GL;) classifies invertible R-modules, i.e., finitely generated
projective R-modules of rank 1. The set H'(R, GL;) has a group structure induced by a tensor
product. This group is called the Picard group Pic(R) of the ring R. Its elements are twisted
forms of the free R-module R. Let us consider the following exact sequence for description of
H'(R, )

1 — uy — GL, =5 e, — 1,

where (_ )™ is exponentiation. Since (GL;)™(R) = R*™, we have
1 — R/R*™ — H'(R, uyn) — Pic(R) — Pic(R),

where the rightmost arrow is induced by (_)™. Thus the cohomology group H'(R, ) classifies
projective R-modules P of rank 1 together with the isomorphism P®™ = R. To describe the
group GL,/un(R) it remains to calculate the kernel of H'(R, u,,) — H'(R, GL,). Observe that
the morphism w,, — GL,, passes through GL; = G,;:

Hm — GLny

\ L/‘f,aleu'

GL,
Since H'(R,GL,,) classifies projective R-modules of rank n and the embedding GL; — GL,

sends A to Ae, we see that the map H'(R,GL;) — H'(R, GL,,) sends an invertible module P to
@7 P. It follow that the kernel of H'(R, w,) — H'(R,GL,) contains the whole group R*/R*™
and, in addition, elements P of the Picard group Pic(R) such that P®™ = R and @7 P is free
(=R").

Summarizing we see that the quotient group of A" GL,(R) modulo A" (GLH(R)) contains a



105

copy of the group R*/R*™, and the further quotient modulo this copy is a subgroup of the Picard
group Pic(R) consisting of invertible modules P over R such that P®™ = R and @] P is free.

For the special linear group the argument is similar. The exact sequence of affine group
schemes

1 — wqg — SL, — SL,, /pg — 1

gives the exact sequence of Galois cohomology
1 — pa(R) — SLn(R) — SLy /ua(R) — H'(R, a) — H'(R,SLy) — H'(R, 8Ly, /1a),

where d = gcd(n, m). The values of all these cohomology sets are also well known, for instance
see [40, Chapter III, §2].

The determinant det: GL, — GL; induces a map on rings (det)!: H'(R, GL,) — Pic(R).
Suppose [P] € H'(R,GL,) is a class represented by a projective module P of rank n. For any
automorphism « of P the determinant det(x) € R is the induced automorphism of the n-th
exterior power A"P. Thus (det)!([P]) = [A"P] and

det

1 — SL,(R) — GL,(R) — G,(R) — 1.

Describe the cohomology set H'(R,SL,). Let P be a projective R-module of rank n such that
AP = R. And let dp: AP — R be a fixed isomorphism. An isomorphism {: P — Q is
called an isomorhism of pairs (P,dp) = (Q,dq) if dqA"W = dp. By [P, dp] denote the class of
isomorphisms (P,dp). Then for any automorphism 1 of (P,6p), we have SpA"p = &p. This
yields that det(\)) = 1. Therefore the set H'(R,SL,) is determined by the classes [P, &p), i.e.,
by projective modules P of rank n together with the fixed isomorphism A"P = R. And the map
H'(R,SL,) — H'(R, GL,,) corresponds to [P, 5p] — [P].

H'(R, uq) classifies projective modules P of rank 1 together with the isomorphism P®¢ = R,
whereas the map H'(R,uq) — H'(R,SL,) sends a projective module P to the direct sum
@'P = P® ---®P. Thus its kernel, as well as the quotient group of A" SL,(R) modulo
A" (SLn(R)), contains projective modules P of rank 1 such that P®*¢ =R and P& ---® P = R™.

2.3. Exterior powers as a stabilizer of invariant forms II. In the previous subsection, we
completely analyzed the case of one invariant form. But if =~ ¢ N, then it turns out that the
group A" GL, (R) has an ideal of invariant forms. Let us extend the definition of q(x) from §2.2.
By default, the form q(x) is considered for the set [n] = {1,...,n}. But in the sequel, we use
forms for some subsets of [n]. For this purpose define qy}(x) for some n;-subset V C [n], where
HeN:

e qU'(x) = ngn(h,...,l%) Xty Xy for even m;

e qv(x)=> sgn(lj,...,In1) x;;, A... Axp,, for odd m,

M
m



106

where the sums in the both cases range over all unordered partitions of the set V into m-element

subsets I,...,In;.
As usual, fI}(x',...,x*) denotes the [fulll polarization of q¥(x), where k := =L Also, we
ignore the power m in the notation fJ}(x',...,x*) and q{}(x).

Further, divide n by m with the remainder: n = lm + r, where 1,7 € N. Consider the ideal
Y = Y, of the ring Z[x;] generated by the forms fy(x',...,x*) for all possible m - l-element
subsets V into [n].

Let Y be an ideal generated by fv,,...,fy,, where p = (n?l) Then define the extended

Chevalley group Gy(R) as the group of linear transformations preserving the ideal Y:

Gy(R) :={g € GLn(R) | there exists 7\\/1, ..y Av, € R*, ¢(Vi, V1) € R such that

fvj(gxl,...,gxk) = Ay (g)fy; (x —l—Zc ) - fy (XL x5
1#
forall 1 <j <pandx',...,x" € RN

In other words, Gy(R) = Fixg(Y) for any commutative ring R. First we must show that Gy

is a group scheme. We use the following standard argument.
Let fi,...,f; be arbitrary polynomials in t variables with coefficients in a commutative ring
R. We are interested in the linear changes of variables g € GL(R) that preserve the condition
that all these polynomials simultaneously vanish. In other words, we consider all g € GL{(R)
preserving the ideal A of the ring R[x;,...,x] generated by f;,...,f;. It is well known (see,
g., [19, Lemma 1] or [99, Proposition 1.4.1]) that the set GA(R) = Fixg(A) = Fixg(fy,..., )
of all such linear variable changes g forms a group. For any R-algebra S with 1 we can consider
f1,...,fs as polynomials with coefficients in S. Thus the group G(S) is defined for all R-algebras.
It is clear that G(S) depends functorially on S. It is easy to provide examples showing that
S — G(S) may fail to be an affine group scheme over R. This is due to the fact that GA(R) is
defined by congruences, rather than equations, in its matrix entries. However in Theorem 1.4.3
of [99] a simple sufficient condition was found, that guarantees that S — G(S) is an affine
group scheme. Denote by R[x1,...,x]; the submodule of polynomials of degree at most r. The

following lemma is Corollary 1.4.6 in [99].

Lemma 34. Let fy,...,f; € Z[x1,...,%x¢] be polynomzials of degree at most r and let A be
the ideal they generate. Then for the functor S — Fixs(fi,...,fs) to be an affine group
scheme, 1t suffices that the rank of the intersection ANR[xq,..., X, does not change under

reduction modulo any prime p € Z.
We apply this lemma to the case of the ideal A =Y in Z[x{].

Lemma 35. Let n = ml + 1, where m,l € N. Then the functor R — Gy(R) is an affine

group scheme over Z.
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Proof. Let us show that for any prime p the polynomials fy, are independent modulo p. Indeed,
specializing x; appropriately, we can guarantee that one of these polynomials takes value +1,
while all other vanish. Let I; U---U I, =V; be a partition of some ml-element subset V; C [n].
Set xj; := 1 for i = 1,...,1 and x; = O for all other variables. The monomial xi, ...x;, only
occurs in one form, for which the partition is constructed V; = I U --- U I;. Thus the value of

the polynomial fy, is sgn(Ly,..., ) = &1. ]

Our immediate goal is to prove the coincidence of Gy and A" GL,. Lemma 29 is useful for
this again. Using the results of the previous two subsections, we only must verify smoothness
of Gy and the coincidence of A" GL,(K) and @(K) for algebraically closed fields. Note that the

proof of the following proposition is completely analogous to the proof of Proposition 30.

Proposition 36. Suppose K is an algebraically closed field. Then

A" GL, (K) = Gy(K).

Now we verify that the scheme Gy is smooth. It is essentially the same, to evaluate the
dimension of the Lie algebra. As above, it is possible to identify the Lie algebra Lie(Gy(K)) with a
homomorphism kernel sending & to 0 in K[8]. Thus Lie(Gy(K)) consists of the matrices g = e+y9,
where y € My(K), satisfying the following conditions fv, (gx',...,gx") = Ay, (g)fy, (x', ..., x) +

> eV, Vi)fy (X!, ... xF) for all 1 <j < p and x,...,x* € KN
=2

Theorem 37. For any field K the dimension of the Lie algebra Lie(Gy(K)) does not exceed

n?.

Proof. Let g be a matrix satisfying the above conditions for all 1 <j < p and x/,...,x* € KN,

Plugging in g = e + yd and using that the form fy, is k-linear, we get

S(fvj(yx],xz,...,xk) +...—l—fvj(xl,...,xk_],yxk))
= (Ay;(g) = Dy, (X', X+ D eV, Vfy (.., x5).
1
forall 1 <j < p.

Now we show that the entries of the matrix y are subject to exactly the same linear
dependences, as in Theorem 32. By the very definition fy,(ey,,...,e ) = 0 for all indices
Ii,..., Ik € A"Bj, except the cases {I;} is a partition of the set V; =T, U...U L.

o If d(I,]) <m—2 (IU]J| > m+2), then y;j = 0. Indeed, then there is a set of pairwise

disjoint indices I,,...,Ix € /\m<\/j N I) such that d(],,) = d(J,z) = 1 and d(],14) =
- =d(J,Ik) = 0. Set x! := e;,x" :=e,2 < 1< k. Then fy,(x',yx?,...,x) = ... =

fy, (x', x4, ..., yx¥) = 0. It follows that fy, (yx',x%...,x*) = +y; =0.
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o If d(I,]) = d(M,H) = m — 1, then y;; = +ynym. Here there is a set of pairwise dis-
joint indices M, Is,..., I € /\“‘(vj N 1) such that d(J,M) = 1 and d(J,I;) = --- =
d(J,L) = 0. Set x! := e},x* := em,x! := e1,3 < 1 < k and denote by H the index
ViN(JULU...UI). Then fy,(x',x*yx’,...,x*) = ... = fy,(x", %%, ..., yx*) = 0. Tt
follows that fy, (yx',x?,...,x*) + fy, (x',yx?,x*...,x*) = 0. But fy (yx',x%...,x*) =
sgn(I, M, I3, ..., L) - yy, and fy, (x',yx?, %%, ... x*) =sgn(],H, I, ..., L) - yum.

e Finally, for diagonal entries the following condition holds yi1 — ymm = Yn,n —yj,), where
d(I,]) =d(H,M) =0 and TU ] = HU M. In this case there is a set of pairwise disjoint
indices I3,...,Ix € /\m(Vj \ (ITU ])). In other words, I, ],Is,..., Ik is a partition of the set
V;. Put x' := e}, x? := e}, x' := e;, where 3 < 1< k. Since fy,(x',...,x*) =0 for all 1 # j,
we get

(Ag;(9) = 1) = 8(yr1 + Yy + Yu,i + -+ -+ Yrn)-

On the other hand, H, M, I, ..., I is partition of the set Vj too, where IU ] = HU M.

Substituting x' := ey, x* := em, x' := ey, for all 3 < 1 < k, we have
(As;(g) — 1) = 8(yYymm + Yun + Y15 + - - - + Y1)

Combining the obtained qualities, we see that yr1 +y;; = ymm + Yun-
Thus, as in the proof of Theorem 32, it turns out that the dimension of the Lie algebra Lie(Gy(K))
does not exceed n?: the entries Y17 do not contribute to the dimension when d(I,J) < m — 2,
they make a contribution n(n—1), when d(I,]) = m—1, and, finally, they make a contribution

n, for d(I,]J) = m. ]

Consequently we verified all the condition from Lemma 29 and can conclude that A" GL,(_)

equals the stabilizer of Y. The proof is similar to the proof of Theorem 33.

Theorem 38. If n = ml+71, where m,l € N, then there is an isomorphism Gy = A" GL,, of
affine group scheme over Z.

2.4. Normalizer Theorem.

Theorem 39. Let R be a commutative ring and let n > 4. Then
N (/\‘“ En(R)) =N (/\‘“ SLn(R)) = Tran(/\m E.(R), A" SLn(R)) = A" GL,(R),

where all the normalizers and transporters are taken in GLy(R).

Proof. It is clear that A" GL,(R) < N(/\m SLn(R)). By Theorem 4, we have A" GL,(R) <
N(/\‘“ En(R)). On the other hand, both the normalizers N(/\*“ En(R)> and N(/\‘“ SLn(R)) are
obviously contained in Tran(/\m E.(R),A" SLn(R)). Thus to finish the proof of the theorem, it
suffices to check ’I‘ran(/\m E.(R), A" SLn(R)> to be contained in A" GL,(R).
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Let A" GL,(R) has a unique invariant form, i.e., n is divided by m. Pick any matrix
ge Tran(/\m E.(R), A" SLn(R)> and pick h € A" E,(R). Then a := ghg™' belongs to A" SL,(R),
and thus

flax',...,ax¥) = f(x',...,x5)

for all x',...,x* € RN. Substituting (gx',..., gx*) for (x',...,x*), we get
f(ghx',...,ghx*) = f(gx',..., gx¥)
for all x',...,x* € RN. Consider the form D: RN x --- x RN — R, defined by the rule
D(x',...,x) == f(gx',..., gx").
By our assumption, one has
D(hx',...,hx*) =D(x',...,x")

for all x',...,x* € RN and for all h € A" E,(R). Hence the form D is invariant under the action
of A" E,(R). Thus
D(x',...,x") =A-f(x',...,x")

for some A € R. Plugging in g~! instead of g, we conclude that A is invertible. This shows that
g belongs to the group G¢(R), which by Theorem 33 coincides with A" GL,(R). O

Corollary 40. Under the conditions of the theorem, we have
Tran (A" En(R), A" GLn(R)) = A™ GLy (R).

Proof. Let us show that if for some g € GLy(R) the inclusion [g, A" E(R)] < A" GL,(R) holds,
then g € A" GL,,(R). Indeed, by Theorem 4 the following inclusion holds.

(9, A" Bn(R), A" Bw(R)] < A" B (R).

Since A" E,,(R) is perfect, we get g € N(A" E,(R)) = A" GL,(R) by the three subgroups lemma.
O
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3. DECOMPOSITION OF UNIPOTENS

In this section, we construct transvections that will be used to extract a non-trivial root
unipotent in the standard description of overgroups and other problems, see [59; 66-68; 71; 75;

82; 90; 94; 95], and also the paper [83], which contains many further references.

3.1. Stabilization theorems. For the bivector representation we construct a transvection T,
in A’E,(R), which stabilizes an arbitrary column of a matrix g € GLn(R). However in the
general case of an arbitrary exterior power, it is not possible to construct a such transvection.
This is due to the rapid increase of the residue of transvections when m increases. Recall that
the residue res (/\mti,j (E,)) equals the binomial coefficient (;‘;21) Even for the exterior cube there

is no transvection, which stabilizes a column of an arbitrary matrix in GLy(R).

Theorem 41. Let w be an arbitrary vector in RN, n > 3. Set

Ty = H/\Zts,j(sgn(s,j)wsj), where j € [n].
s7

Then T.;-w =w.
Remark 42. Similarly, the element T;. := [] /\Zti’s(sgn(i,s)zis), i € [n] stabilizes an arbitrary

sF#L
rowz € ™R, ie,z T, =z

Uncover the idea of the proof and forlmulae appearing in Theorem 41. By formula (1) an
exterior transvection /\Zti,j (&) can be presented as a product of (n—2) elementary transvections.
Thus T,; is a product of (n —1) - (n —2) elementary transvections in Ex(R). For the case n =5
the transvection T,5 is the following product of root unipotens: T.5 = Xo +ap+aztas(FWis) -

Xortostoa (FW25) - Xegtoq (FW35) - X, (+Wiss5). In terms of elementary transvections T, 5 equals

t12,25(—Wi5) 11335 (—Wis ) tiaas (—Wis) - ti2,15(FWas) 12335 (—Was ) taa as (—W2s)

113,15 (FW3s ) 12305 (W35 ) t3a 45 (—W3s) - t1a,15 (FWas ) tos,25 (FWas) 134,35 (+Was ).

Fig. 4 shows all these transvections. Different types of arrows correspond to different
uniponets. Note that the signs in the expression above appear due to the definition of exterior
transvections. Namely indices I = {i;,12},] = {j1,j2} are not necessarily in ascending order, so
we must calculate sgn(iiiz,j1j2) = sgn(ir, i2) - sgn(j1,j2). Hence t;(&) = toq) ) (sgn(o) sgn(m)é&)

where o(I),7t(]) are in ascending order.
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Figure 4: The transvection T, 5 on the weight diagram (A4, @;).

Proof of Theorem 41. The transvection T,; acts on the vector w by adding the expression

z(p, q,j) = sgn(pq,iq) sgn(p,j)wpwjq + sgn(qp,jp) sgn(dq,jlwqwip

to (“ 1) entries wpq, pq € N'(MI\j), i.e., (TojW)pq = Wpq +2(p, q,j). It is necessary to analyze
6 cases for the numbers 1 < p, q,j < n. Below we give an analysis of these cases. By the above

we must only prove that the expressions z(p, q,j) vanish in all cases. They equal:

o (—1)(+T)wpwiq + (+1)(+1)wgwy, =0 for p < q < j;
o (+1)(+T)wpwijq + (+1)(=1)wgwj, =0 for p <j < q;
o (+1)(=1)wpwjq + (—=1)(=1)wgwj, =0 for j <p < q;
o (—1)(=T)wpwjq + (+1)(=1)wgwj, =0 for j < q < p;
o (+1)(=1)wpwjq + (+1)(+1)wgjwj, =0 for q < j < p;
o (+1)(+T)wpwiq + (=1)(+1)wgwy, =0 for g < p <j.

O

Now let g be a matrix in A™ GL,(R), i. e., columns g, satisfy the Pliicker relations. Construct
a transvection in A" E,,(R) that stabilizes a column with the Pliicker relations.

The idea of the construction is the following. Choose one vertex on the weight diagram (i.e.,
fix one coordinate in arbitrary vector) and choose exterior transvections so that the result of
their action on this vertex is a Pliicker relation of maximal length (m + 1). At the same time
the result on other vertices is also Pliicker polynomials of different lengths. Since the vector is
a column of a matrix in A" GL,(R), we see that all Pliicker polynomials equal zero.

Consider the subsystem A, ,, in (A,,, @) corresponding to the latter m+1 weights (A, @)
in the lexicographical order. Denote by <y; the roots in the subsystem A, .., starting with the
lowest weight (A, ®,). For example, for (As, @;), y1 = 56,7y, = 46,v3; = 45, see fig. 5.
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g

Figure 5: A3 in (As, @3)

m

Theorem 43. Let w be a column of a matriz in the group \" GL,(R), n > 2m+ 1. Put

T1 = /\mtm,mH (WW )/\mtm,m+2(_wyz) oo Amtm,2m+1 ((_] )mW'Y1n+1 ))
then the transvection T; stabilizes the column w: T; -w = w.

Remark 44. For the exterior square, it may seem that this statement is weaker than Theorem
41. But Ty contains m + 1 exterior transvections for an arbitrary n. At the same time T,;

contains (n — 1) - (n — 2) elementary transvections.

Proof. The transvection T; is the product of the unipotents

Xfxm (+WY1 )X’(Xm+(xm+1 (_WYZ ) e X‘Xm+fxm+1 +...+x2m ( (_] )mW‘Ym+1 )'

It acts on the vector w by adding Plicker polynomials fj i1, 2m+1) t0 (;1:]) coordinates of the

vector w, where ] € A" ([n] \ m). Namely,

(TiW)muj = Wisup) + fJme1,me2,..2me1 (W),

The length of the Pliicker polynomial fjm1m+2,..2m+1;(W) depends on the cardinality of JN{m+
T,m+2,....2m+ 1L If[Jn{m+T,m+2,...,2m+ 1} = m —1, then this is the trivial Pliicker
polynomial. As the intersection cardinality decreases, the length of the polynomial increases.
The maximal length is reached with the empty intersection. Since the coordinates of the vector

w satisfy the Pliicker relations, then fj i1 mi2,. 2m+13(W) = 0. O

Example 45. Let m =2 and n =5. Then

T = /\th,s (W45)/\2t2,4(—W35)/\2tz,5(W34) = Xo (W45 )Xo +as (W35 ) X o +aa (FW34).
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All the Pliicker polynomials fiss(w), where i € [n] \ 2 are short or trivial. If i € {3,4,5},
then fis(w) is trivial and has the form wawg — wgwp = 0. Otherwise, i € [n] \ {2,3,4,5},

fizas (W) = WasWii — WisWa; + Waws;.

Figure 6: The transvection T; on the weight diagram (As, @3)

Example 46. Now let m = 3 and n = 7. In this case
T =N t34(Wse7) /\3t3,5 (—waer) /\3t3,6 (Was7) N t3,7(—Wase)

changes (g) = 15 coordinates of the vector w. In terms of root unipotents this product equals

Xz (FW567) X3 s (—Wa67) X +ous s (FWa57) X s +os +as +as (—Wase).  Then there are three types of

the Pliicker polynomials f(j(4567°

6: Let {i,j} C {4,5,6,7}, then f; 4567 is again trivial. The relation fjj 4567 = O states that
Grassmann coordinates commute.

8: Now let either 1 or j belongs to {4,5,6,7}. Without loss of generality, we can assume that
i=4,j € 1{4,5,6,7}. Then fu;us67 = —Xaj5Xa67 + Xaj6Xa57 — X4§7X456 1S a polynomial of
length 3.

1: Finally, the maximal length 4 is reached with 1,j ¢ {4,5,6,7}. In this case fjjus67 =

XijaX567 — Xij5X467 1 XijeXa57 — Xij7X456-

3.2. Equations for exterior powers. In this section, we present various series of equations
defining the scheme A" GL,. First we formulate a property of a matrix g in A" GL,,(R). Exactly
in this form we plan to use the equations for the decomposition of unipotents. Extend the
definition of matrix entries g;j for multisets I = {i;{}{*; and | = {ji}i%;. Recall that a multiset
is a union of not necessarily different elements, i.,e., this is a couple (A, m), where A is the
base set and m: A — Z, is the multiplicity function. In the sequel, we ignore the function m

from the notation (A, m), where this is natural. If (A, ma), (B, mg) are two multisets, then their

3Numbering by the number of changed coordinates in the vector w
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arithmetic sum is a multiset A 4 B consisting of all elements that are present in at least one of
the multisets. The multiplicity of each element is equal to the sum of the multiplicities of the
corresponding elements: A + B ={ma pg(x)x | ma pg(x) = ma(x) + mg(x)}. If in multisets (I, m)
or (J,m,) there are elements i; or j; such that their multiplicities m,(i;) or m;(j;) are greater

than zero, then we assume that g;; = 0, for example g12,11 = g2211 = 0.

Theorem 47. If a matriz g € GLy(R) belongs to the group A" GL,(R), n > 3, then for any
indices B,D € A"n] with d(B,D) > m—1 and any multiset [+] with I € A" '[n],] € A" [n],
we have

> sgn(A,C)gasgep =0,

A+C=I+]

where the sum ranges over all partitions of the multiset 1 4+ | into m-element indices A
and C in A"[n].

Proof. Let g € N"GL,(R). Then g preserves the Pliicker ideal Plu generated by Pliicker
polynomials fyj, where I € A"'m],] € A""'m]. Let x € RN, then

m+1 m+1
fiy(gx) = > (=1)™@)win(g¥) gy = Y (Z(—Uhglu{jh}x : 91\{jh},L> xkxe. (8)
h=1 KLeN ")\
Denote by a'f;}] the coefficient for the monomial xxx, which is obviously identical to the coeffi-
cient for x;xx. Then a}ﬂ’}] can be represented as follows
afff = > sgn(A,C)gaxgcy,
A+C=1+]
where the sum ranges over all partitions of the multiset [ 4 | into pairs of m-element subsets A
and C. To complete the proof, note that the condition of preserving the ideal Plu guarantees

that all coefficients a‘f;}] with d(K,L) > m — 1 in formula (8) are equal to zero. ]

For the exterior square this proof gives the criterion, not only the property.

Proposition 48. A matriz g € GLn(R) belongs to the group N GLn(R) iff the following
equations hold.
e For any H € N'[n] and for any B,D € N'[n] with BN D # 0, we have

ay®(g)= )  sgn(A,Clgaggep =0;
ALIC=H

e For any H € N'In] and for any B,D,B’,D’ € A’[n] with BUD =B'UD’ and BND =0,
we have

sgn(B, D) - aBP(g) = sgn(B’,D’) - a&"P'(g).

Recall that the group A" GL,,(R) is a stabilizer of an invariant form or an ideal of forms. Using

this fact we present another series of equations that determine whether a matrix g € GLn(R)
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belongs to the group A" GL,(R). For short we consider the non-exceptional case of a single
form, i.e., k:= =~ > 3 is natural and m is even. The proof for odd m is similar. By Theorem 27

the group A" GL,(R) has the invariant polynomial form

f(x!',...,x5) = ngn(h,...,lk) x}] ...x‘fk,

where the sum ranges over all ordered partitions of the set [n] into m-element subsets I, ..., L.

Now we introduce the notation of the partial derivative of the invariant form f:
fi(x?, ..., x5) = flel, x4, ..., x") = Z sgn(L, L,..., Ik)xf2 .. .x‘fk,

where the sum ranges over all ordered partitions of the set [n]\I into m-element subsets [, ..., I.
In addition, for any set of pairwise disjoint indices Z :={I,..., I}, where I, € A"[n] we denote

by Z the index [n]\ (L U...UI) € A"[n], i.e., it is the complement of the set Z in [n].

Theorem 49. Let k = - > 3 be a natural number. A matriz g € GLn(R) belongs to the
group N\" GL,(R) iff the following conditions hold.
e For any indices Iy,...,Iy € A"[n] such that in the set T = {I,,...,1} there are two

intersecting indices (1. e., there exist 2 < 1,1 # 1, < k: d(I,,1,)> 1), we have

fh (9*,12» Ox,I3y ) 9*,Ik) = O;

e For any indices Iy,...,Ii, J1,...,Jx € A"[n] such that in the sets T ={1,,...,},TJ =
{Jz2y---,Jx} there are no intersecting indices (t. e., for any 2 < L1 # L, < k: d(L,,I,) =
d(Jy,,Ji,) =0), we have

sgn(J, J2, -+, 197, 1 (Gety - -5 9r) = 580(T, Iy oo B 9z 1 B (G - - o5 G-

Proof. Let g € A" GL,(R), then there exists a multiplier A(g) € R* such that for all x',...,x* €

RN, we have
flgx',..., gx) = A(g)f(x',...,x"). (9)

Note that the latter condition is equivalent to the same condition in which x' are base vectors
elt for all I; € A"[n].

First let in the set Z ={I,,..., I} there are two indices with distance greater than zero. For
short we assume that these are I, and I3. Then our condition (9) becomes f(ge'',...,ge'*) =0
for all I, 1 # 2,3 or, what is the same, f(x', ge'?,...,ge’*) =0 forallx' € RN and I, € A"[n],1 >
4. This is equivalent to f(e!', ge'2,...,ge'*) =0 for all Iy, 14,..., I, € A"[n].

Consider the second case. Let there be no intersecting indices in the set Z. Then our
condition (9) becomes f(gx',ge®2,...,ge*) = A(g)f(x',e'2,...,e') for all x' € RN, and this

is equivalent to f(x',ge®,...,ge'™) = A(g)f(g~'x',e’2,...,e') for all x' € RN. It suffices to
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1

impose this equation only for base vector x' = el

; in other words, f(el', ge'2,...,gelx) =
Ag)f(g'el e’ ... e). The left-hand side equals fr, (gu1,,---, gu1, ). We transform the right-
hand side.

}\(g)f(gqeh ) eIZ) RS elk) = }\(g)f(gl,h ) eIZ) KK elk) =

= A(g) Z g£’11f(eIL,eIZ,...,eIk) = A(g) sgn(Z, I, ...,Ik)g%’h.
te/A" ]
To get rid of the factor A(g), we take another set Jq,...,Jx € A"[n] with disjoint J,,..., Jy.
Now let H be an affine group scheme over Z defined by the equations imposed in the state-
ment of the theorem. It suffices to establish the inclusion H(R) C A™ GL,(R) for a local ring
R. Let M be the maximal ideal in R. Note that the first series of equations implies that
f(gel',...,ge'x) =0 for any Ij,..., I} € A"[n] such that there are intersecting ones in I,..., .

It remains to find A € R* such that 1, (gu 1y .-y 9ur) = Asgn(Z, I..., L) for all indices

9z,
Ii,...,Ix € A"[n] with the condition that there are no intersecting ones in I, .’.1. s Ix.

First we show that there exist Ij,...,Ix € A"[n] with disjoint I,,...,I; such that
gihfh(9*,12,---,9*,1k) € R*. Assume the converse. Then for all I,...,Ix € A"[n] with
disjoint I,,..., Iy, we have 9%,I1f11 (Guyy - - -5 a1, ) € M. Observe that there are Iy,..., Iy € A"[n]
with disjoint I,,...,Ix such that 9%,11 € R*. Indeed, it suffices to fix I,...,Ix and to
vary I;. Furthermore, there exist Ji,...,Jx € A"[n] with disjoint J,,...,Jx such that
5, (Gs2y -+ 9xg.) € R*. Otherwise, invoking equations on pairs of adjacent columns, we
can conclude that fj,(g«),, ..., gsj.) € M for any fixed J;,], € A"[n] and any J3,...,Jx € A"[n].
But by linearity it follows that f}, (g, %%, ...,x*) € M for any x*,...,x* € RN. This means
that 1}, (g, €5, ..., e™) = £gmpgiusu.uiy,), € M for all J;,Ls,..., L € A"[n], and this is
clearly impossible. Thus 9%)111611(9*,12,--->9*,Ik) € M and g%’hf]](g*,]z,...,g*,]k) € R*, which
contradicts the fact that g belongs to H(R). Therefore there exist indices I;,...,I, € A"[n]
with disjoint I,,..., Iy such that glf,hfl‘ (Gs1py -+ > Gu1) € R*. We set

_ -1
A= Sgl’l(I, Iz, ey Ik) (g/f,ll) fh (9*,12) ey g*,lk)‘
[

The obtained two series of equations are called equations on a set of adjacent columns and
on two sets of nonadjacent columns. It is precisely in this form that we intend to use these
equations for the initial problem of description of overgroups. However it is often convenient
to use equations with only two columns. Now we introduce another notation of the partial

derivative of the invariant form f:

f13,...,1k (X»y) = f(X,y> eIS> ey elk) = Z sgn <I1 ) JZ) 13) ceey Ik>xl1y]2)
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where the sum ranges over all ordered partitions of the set [n] \ (I3 U ... U Iy) into pairs of
m-element subsets J;,],. As in Theorem 49, we get equations on a pair of adjacent columns

and on two pairs of nonadjacent columns.

Theorem 50. Let * € N. A matriz g € GLn(R) belongs to the group A" GLn(R) uff its
entries satisfy the following equations.

e For any indices I;,..., Iy € A"[n] with d(I;,1;) > 1, we have

i, (Gx1ry Gx1,) =05

e For any two sets of indices Iy, ..., I, J1,..., Jx € N"[n] with d(I;,1;) = d(J1,]>) =0, we

have

Z SgnU1 ) IZ) LS) sy Lk)gll_3,]3 .o gll_k,]k . fIg,...,Ik(g*,h ) 9*,12) -
LeN" i)

= Z sgn(li, I, Ls, oo, LG, 1, -+ - 91 1" Frndic (Girs G )
LeN"ml

3.3. Reverse decomposition of unipotens. We formulate a variation of the decomposition
of unipotents for exterior powers — "reverse decomposition of unipotents". Let us clarify the
concepts related to congruence subgroups modulo an ideal, introduced in §1.5. We use the

identical notation pa for the following reduction homomorphism:

pa: A" GL,(R) — A" GL,(R/A)

a — a= (aL])

The kernel of the homomorphism p, is denoted by A" GL,(R,A) and is called the princi-
pal (relative) congruence subgroup of level A. Denote the full preimage of the center of
A" GL,(R/A) under pa by CA" GL,(R,A). Such a group is called full (relative) congruence
subgroup of level A. Note that these groups A" GL,(R,A) < CA"GL,(R,A), A" GL,.(R,A)
and C A" GL,(R,A) are normal in A" GL,(R).

Proposition 51. Let R be a commutative ring, n > 3. Then for any ideal A < R the
equality
[C A" GLn(R)A))/\m En(R)] =A" En(R>A)

holds.

This result is called the standard commutator formula. It has a lot of proofs in various
contexts, see, for instance, the paper [33].

The upper level of a matrix g € A" GL,,(R) is the smallest ideal I = lev(g) < R such that
g € CA"GL,(R,I). As in the case of the general linear group, the upper level is generated by
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the off-diagonal entries g1 j, I # ] and by the pair-wise differences of its diagonal entries g;;1—gj 7,
I #J. Note that it suffices to consider only the fundamental differences g;; — gi1, where 1is
the next index after I € A"[n] in ascending order. Thus the upper level lev(g) is generated by

(;‘1)2 — 1 elements.

Lemma 52. Let Py := A"ti;(1)A"t:(—1)A"ti;(1) € A"E(n,R), where 1 < 1#j<n. Then
for any indez k #1,j and any & € R, we have

o PiNt;(E) = Ntyy(E);

o PNt () = Nti(E).

The proof is straightforward.
To formulate the following result we introduce a notation. A matrix of the form g*" is called

an elementary (exterior) g-conjugate, where g € A" GL,(R) and h € A" E,(R).

Theorem 53 (Reverse decomposition of unipotents). Let R be a commutative ring and let
g € A"GL,(R), n > 2m+1. Then for any & € lev(g) the transvection A"ty (&) s a product
of < 8((:)2 — 1) elementary conjugates of g and g~'. Namely for any 1 <k #1 < n and
L] € AN"In],d(1,]) = p, we have

(1) A"tx1(gry) ts a product of < 8(m —p) elementary exterior g-conjugates;

(2) Ntxulgrr — gyy) @s a product of < 24(m —p) elementary exterior g-conjugates.

We prove this result for the exterior square of the elementary group using stabilization
Theorem 41. Thus for A’ GL,(R) the restriction on n can be weakened: n > 4. But before
let us formulate a consequence. The reverse decomposition of unipotents can be regarded as a
stronger version of the standard description of A" E, (R)-normalized subgroups. Hence we have
one more very short proof of the Sandwich Classification Theorem for the exterior square of the

elementary groups.

Theorem 54. Let H be a subgroup of A" GL,(R). Then H is normalized by \" E,.(R) if and
only f
A" En(R,A) <H < CA"GL,(R,A)

for some ideal A of R.

Proof for the exterior square. Let H is normalized by A’ E.(R). Set A :={& € R| /\Zthz(é) €
H}. It is obvious that A” E, (R, A) < H. It remains to check that if g € H, then g1, 9,1—9it € A.
But Theorem 53 states exactly this claim. Hence H < C A’ GL,(R,A). The converse follows

from Proposition 51. O

Now we prove Theorem 53. A proof of statement (1) with p = 1 is a key step in our

verification. All other cases follow from the fist one.
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Proof. Let T :=T,; =[] /\ZtSJ (g1s,12). By Theorem 41 the first column of Tg equals the first
s#1
column of the matrix g. Hence the first column of the matrix h := g~'Tg is standard, i.e., h

lies in the parabolic subgroup Py;.

Lemma 55. Let R be a commutative ring and let g € N GLn(R), n > 3. Suppose that one
column of g with index I = {i;i,} is trivial; then for any indices K € N'([n]\ {i1,1,}) and
J € Nnl such that d(1,]) =[INJ| =1, we have gy = 0.

Proof. Suppose that g belongs to A’GL,(R). Then by Theorem 47 for any indices A,C €
N'n], d(A,C) =1 and for any H € A'[n], we have

Z sgn(B, D)gB,AgD,C = O

BUD=H

Let g has the trivial column A. It follows that the above sum equals gy c. O]

By this lemma h also lies in the submaximal parabolic subgroup kP;,, where K corresponds
the latter (“22) rOWS.

Next note that for any j € {3,4,5,...,n} the exterior transvections /\Ztu(E,) and /\thyj(é) sit
in the unipotent radical U of the parabolic subgroup ¢Pj;. Using obvious formula [xy,z]* =

ly,zl - [z,x7"], we get
2= [T R, Nty (T = Iy Ntz (1)] - INt23(1), T

Now the matrix z is a product of four elementary exterior conjugates of g and g~'. The first
commutator [h, /\2t2,3(1)] belongs to the unipotent radical U, whereas the second one equals
/\ztzJ (gi13,12). Since the transvection /\2t1’3(1) also sits in U and the unipotent radical is abelian,

we obtain
[/\2t1,3(—1))l] = [/\2t1,3(—1)>u' /\2t2,1(913,12)] = /\2t2,3(913,12)-

Consequently the transvection /\2t2)3(91 312) is a product of eight elementary exterior conjugates
of g and g~'. By Lemma 52 it follows that /\ztkyl(g1 3,12) is a product of eight elementary exterior
g-conjugates. It remains to note that we can bring g;; to position (13,12) conjugating by
monomial matrices from A’ E,(R).

Since n > 4 there are two distinct indices hy,h, € [n] \ {i,j}. Let us remark that the
entry of 9/\2t1,]~(—1) in the position (ihy,ih;) equals gjn, in, + Ginyin,- Applying (1) with p = 1
to g/\zti»i(*”, we get that /\ztkyl(gﬂ11 ih, T Giny,in,) 1s @ product of eight elementary exterior g-

conjugates. Therefore,

/\ztk,l(gjm iho) = /\ztk,l(gjm iho T Jin, ,ihz)/\ztk,l(_gﬂu iho)

is a product of sixteen elementary exterior g-conjugates.



120

2
Assertion (2) with p = 1 follows from the above. Obviously, the entry of g/\ (1 in the
position (ih,jh) equals ginin — Gjhjh + Ginjh — Ginin for any index h # i,j. Applying (1) with
p = 1, we obtain that /\Ztk‘l(gih,ih — Ginjh + Ginjh — Gihin) € N E.(R) is a product of eight

elementary exterior g-conjugates. Finally,
/\Ztk,l(gih,ih - gjh,jh) = /\ztk,l(gih,ih — Gjhjh t Ginjh — gjh,ih)/\ztk,l(gjh,ih - gih,jh)

is a product of 24 elementary exterior g-conjugates.
To finish the proof of the theorem it only remains to check the last assertion. There is an
index K € A’[n] such that d(I,K) = d(J,K) = 1. Therefore,

/\Ztk,l(gl,l —gyy) = /\ztk,l(gl,l — gK,K)/\Ztk,l(gK,K -9

is a product of 48 elementary exterior g-conjugates. ]
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4. SUBGROUP LATTICE IS STANDARD

The extraction of a unipotent (an elementary transvection) from an intermediate subgroup
H is the key point for the standard description of overgroups. In the previous papers on this
problem, e. g., joint works of Nikolai Vavilov and Victor Petrov on overgroups of classical groups,
the authors extract a non-trivial unipotent from an arbitrary element a € G(®,R)~\ N (E((D, R)).
In fact, for this purpose they extract a number of unipotents and prove that all these unipotents
do not vanish under the canonical homomorphism g — a, where g is the generic element of
G(D,R).

For the exterior powers the methods of Vavilov and Petrov are unavailable. However we
construct a new extraction technique based on the notion of a generic element. Using this
method we describe all overgroups of the exterior square of the elementary group. Observe that
this new method is useful not only for the polyvector representations of E,(R) but for the tensor
powers of the elementary group or other cases like “Subsystem subgroups”, “Subring subgroups”,

and others.

4.1. Preliminaries. In this section, we use the following additional notation.

All rings and algebras are assumed to be commutative and to contain a unit. All homo-
morphisms preserve the unit elements. For an ideal a of a ring R denote by p, the canonical
homomorphism R — R/a. This homomorphism is called the reduction homomorphism modulo
a. If s is an element of the ring R, then R, = (s)~'R denotes the principal localization, i.e., the
localization of R in the multiplicative subset generated by s. The localization homomorphism
R — R, is denoted by A,.

In the Section, the expression “group scheme” means “flat affine group scheme of finite
type”. Let G be an affine group scheme over K. Denote by A = K[G] the affine algebra of
G. By definition of an affine scheme, an element h € G(R) can be identified with the ring
homomorphism h: A — R. We always do this identification. Denote by g € G(A) the generic
element of G, i.e., the identity map ida: A — A. An element h € G(R) induces a group
homomorphism G(h): G(A) — G(R) by the rule G(h)(a) = ho a. Thus the image of g under
G(h) equals h. For a ring homomorphism ¢: R — R’ we denote by the same symbol ¢ the
induced homomorphism G(¢): G(R) — G(R’). This cannot lead to a confusion as we always
can distinguish between two different meanings of ¢ by the type of its argument. With this
convention we have h(g) = hoida = h.

Let a be an ideal of a ring R. As usual, G(R, a) denotes the principal congruence subgroup
of G(R) of level q, i.e., the kernel of the reduction homomorphism p,: G(R) — G(R/a).

We always assume that G is a Chevalley—Demazure group scheme over a ring K with a

reduced irreducible root system ® # A;, and that either ® # C, or K has no epimorphisms
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onto the field of 2 elements. Denote by E(a) a subgroup of G(R) generated by elementary root
unipotents x4(r), « € ®, r € a. Then E(R) is the [absolute| elementary subgroup of G(R) and

E(R,a) = E(a)F® denotes the relative elementary subgroup.

4.2. Main theorem. Let G = G(®,_) denotes a Chevalley-Demazure group scheme with a
reduced irreducible root system ® # A; and let E = E(®, _ ) be its elementary subgroup functor.
All algebraic groups are considered as affine group schemes over a ring K, which in applications
can be equal to Z or its localization. We always assume that E(R) is perfect for all K-algebras
R, which amounts to say that ® # A; and either ® # C, or K has no epimorphism onto the
field of 2 elements. Let D: Rings — Sroups be a subfunctor (not necessarily a subscheme) of
G. For an arbitrary K-algebra R with a unit let £ = L(D(R), G(R)) be the lattice of subgroups
of G(R) containing D(R). We study the lattice £ under certain conditions on D and G.

For an ideal a of a ring R denote by N(R,a) the normalizer of D(R)E(R,a) in G(R). Put
N(R) = N(R,0). For an affine scheme X over a ring K the affine algebra of X is denoted by K[X].

The lattice £ = L(D(R), G(R)) is called standard if for any subgroup I' € L there exists a
unique ideal a of R such that

D(R)E(Rya) < T < N(Rya).

This result is the main theorem of the present section. Following Anthony Bak the sublattices
L(D(R)E(R, a), N(R, u)) are called sandwiches. With this terminology the lattice £ is standard
whenever it splits into a disjoint union of sandwiches.
List of conditions. Let R be a ring.

(1) The functor D preserves surjective maps.

(2) For a K-algebra R and an ideal a of R, we have
[D(R),D(R)E(R,a)] = D(R)E(R,a) and D(R) < E(R).
(3) For any r € R and o € ® such that x,(r) € D(R), we have
(D(R),xa(r)) = D(R)JE(R,TR).

(4) The map R +— N(R) defines a closed subscheme in G.

(5) If D(R)" < N(R), then h € N(R).

(6) For any field F the subgroup D(F) is an “almost maximal” subgroup in G(F), i.e., if a
subgroup contains D(F), then it either is contained in N(F) or contains E(F).

(7) The subgroup (D(A),g) < G(A) contains an elementary root unipotent x,(&) ¢ N(A).
Moreover, for any field F there exists an element y € E(F) such that x, (g(&)) & N(F).

(8) If h € G(R,RadR) \ N(R), then (D(R),h) contains a non-trivial root unipotent.

The following statement computes the normalizer N(R, a) in terms of N(R/a). It will be used
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in the proof of the main theorem. The idea of the proof is borrowed from the proof of Theorem 3
of [65]. In the sequel, we use the following commutator formulas. A direct computation shows
that [x,yz] = [x,y]-[x, z]¥"" for all elements x, y, z of an abstract group. Therefore for subgroups

X,Y, Z such that YZ is a subgroup, we have
X,YZ] < [X,Y]- X, Z]". (10)

The second formula is the standard commutator formula obtained by Giovanni Taddei [77] and

Leonid Vaserstein [79]. For an ideal a of a ring R, we have
[E(R), G(R,a)] = [E(R, a), G(R)] = E(R, a). (11)

Lemma 56. Let a be an ideal of a ring R. Under conditions 1 and 2, N(R,a) s the full

preimage of N(R/a) under the reduction homomorphism p,.

Proof. Since the natural map D(R) — D(R/a) is surjective, the group p, (N(R, a)) normalizes
D(R/a).
Conversely, let h lies in G(R) such that h = p,(h) € N(R/a). Then

po(D(R)") < D(R/a)* < D(R/a).
Using the surjectivity of the map D(R) — D(R/a), we obtain
D(R)" < D(R)G(R,a). (12)
By formulas (10) and (11),

[D(R),D(R)"] < [D(R),D(R)G(R,a)] < D(R)D(R), G(R,a)]’™

Take the mutual commutator subgroups of the both sides of inclusion (12) with D(R)". By

Condition 2, we get

D(RJE(R,a)[E(R), G(R,a)] = D(R)E(R, a)

(we used also the standard commutator formula and normality of E(R) in G(R)). Since E(R,a)

is normal in G(R), this inclusion implies that h normalizes the group D(R)E(R, a). O]

The following lemma shows that the conditions above imply that the set N(R,a)~\D(R)E(R, a)

contains no elementary root unipotents and establish the uniqueness property.
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Lemma 57. Let a # b be ideals of a K-algebra R. Conditions 2 and 3 tmply that the
set N(R,a) N\ D(R)E(R,a) contains no elementary root unipotents and that the sandwiches
L(D(R)E(R, a), N(R, u)) and L(D(R)E(R,b),N(R,b)) have empty intersection.

Proof. Let T € L(D(R)E(R, a), N(R, a)). By Condition 2,
[D(R),T] > [D(R), D(R)E(R,a)] = D(R)E(R, a).
On the other hand,
[D(R),T] < [D(R)E(R,a),N(R,a)] < D(R)JE(R,a).

Thus the ideal a is defined uniquely by the subgroup I" from the sandwich.

If xo(r) € N(R,a) N~ D(R)E(R,a), then by Condition 3, E(R,rR) < N(R,a). It follows that
D(R)E(R,a) < D(R)E(R, a+7rR) < N(R, a), which contradicts the first paragraph of the proof. [
Theorem 58. Suppose that conditions 1-8 hold; then for any K-algebra R the lattice L =
L(D(R), G(R)) 18 standard.

Proof. Let I be a subgroup of G(R) containing D(R). Put
a:={s € R| there exists x € @ : x,(s) € '~ D(R)}L

Using condition 3, we have D(R)E(R,a) < T'. Let R = R/a and T = p,(I"). Suppose x4(F) €
'~ D(R) for some « € @ and T € R. Using condition 1, we get D(R) < T and by condition 3,

D(R)E(R,7R) < T. Let r € R be the preimage of the element ¥ under p,. Then
D(R)E(R,TR) < TG(R,a).

Taking the commutator subgroup of D(R) with the both sides of the latter inclusion, we obtain

[D(R), D(R)E(R, R)] < [D(R), TG(R, a)l. (13)

By Condition 2, the left-hand side equals D(R)E(R, TR). On the other hand, by formula (10) the
right-hand side of inclusion (13) is contained in [D(R),T] - [D(R), G(R,a)]". Since D(R) < E(R),
by the standard commutator formula this group is contained in I' - E(R,a)’ = I'. Note that
x«(T) ¢ D(R) implies x4(r) ¢ D(R). By definition of the ideal a, it follows that r € a. Thus
T =0 and the set T~ D(R) does not contain non-trivial root unipotents.

Now let & € A be an element from Condition 7. Put x = x4(§) € G(A). For a K-algebra B
let

S(B) ={b e G(B)|b(x) € N(B)}.

By Condition 4, N is a closed subscheme of G defined by some ideal q of A. As usual, we denote
N = V(q). Then it is easy to see that S = V(x(q)A) is a closed subscheme of G. For an element
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h € T the root unipotent element x, (h(&)) = h(x) belongs to the subgroup generated by h and
D(R). By the previous paragraph of the proof it must lie in N(R), hence h € S(R). Since h is
an arbitrary element of ', we conclude that I € S(R).

Let m be the maximal ideal of the ring R. Denote by F the residue field R/m. The subgroup
' = pu(T) is contained in S(F), hence by condition 7, T does not contain E(F). On the other
hand, T' > D(F). Consequently using condition 6, we get ' < N(F).

Let h € T and let h = pn(h) = pmoh. Since h € N(F), we see that ﬂ(q) = 0. Hence h(q) C m.
Since m is an arbitrary maximal ideal, we obtain h(q) € Rad R. Consequently pg.4z © h(q) =0
and pg.4z(h) € N(R/RadR).

Since h is an arbitrary element of ', we get pg.4z(I') € N(R/Rad R). This implies that

Praar(D(R)) < D(R/Rad R)*=eai” < D(R/RadR),

Therefore D(R)" < D(R)G(R,Rad R).
If there exists an element ab € D(R)" ~ N(R), where a € D(R) and b € G(R,Rad R), then
b € D(R)" ~ N(R). Since D(R)" contains the subgroup generated by D(R) and b, Condition 8

implies that D(R)" contains a non-trivial root unipotent. But we have already proved that T

does not contain such elements. The contradiction shows D(R)" < N(R). Now Condition 5

implies that I' < N(R) and by Lemma 56, I' < N(R, a). O

4.3. Transporters. We start with studying properties of transporters. In this section, G de-
notes an algebraic group over a ring K and X, Y are subfunctors of G. Unfortunately the
function R +— Trang) (X(R),Y(R)) in general is not a subfunctor of G. Therefore we define a

scheme-theoretic transporter Trang(X,Y) as a subfunctor of G given by the formula

Trang (X, Y)(R) ={a € G(R) | z* € Y(R) for all z € X(R) and all R-algebras R}.

~

(we always identify elements of G(R) with their canonical images in G(R)).

More generally, let w be a group word in 2 letters, i.e., an element of the 2-generated free
group. For elements z, a of an abstract group I' we write w(z, a) to denote the image of w in
[" under the group homomorphism, sending the first generator of the free group to z and the

second one to a. For subsets A, Q) of I" define
Tran( (A, Q) ={a € T'|w(z,a) € Q for all z € A}.

Similarly, define the scheme-theoretic w-transporter Trang (X, Y) as a subfunctor of G given by

the formula

Trang (X, Y)(R) ={a € G(R) [ w(z,a) € Y(R) for all z € X(R) and all R-algebras R}.
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Now we give sufficient conditions for the scheme-theoretic w-transporter to be closed and
discuss the equation Trang (X, Y)(R) = Trangy, (X(R),Y(R)). For usual transporters (i.e., for
W = x;'x1%;) the results can be found in [54, Theorem 6.1] or [17, I, § 2, 7.7 and II, § 2,
3.6]). Recall that a K-scheme X is called locally free if there exists an open affine covering X;,
where 1 ranges over an index set such that the affine algebra of X; is a free K-module for each
i. In our case X is affine, therefore refining the open covering we may assume that each X; is
a principal affine open subscheme of X, i.e., K[X;] is a principal localization of K[X]. In this
section, B = K[X] and x € X(B ® R) denotes the image of the generic element of X under the
natural homomorphisms X(B) — G(B) — G(B ® R).

Lemma 59. Let X be a representable subfunctor of G and R a K-algebra. Then
Trang (X, Y)(R) ={a € G(R) [w(x,a) € Y(B®R)}.

Proof. Let R be an R-algebra, z € X(R), and a belongs to the right-hand side of the above
formula. Applying z ® idg to the inclusion w(x,a) € Y(B ® R), we get w(z,a) € Y(R® R).
Sending this element to Y(R) by the multiplication homomorphism R® R — R, we see that
a € Trang(X,Y)(R). Thus we proved that the right-hand side is contained in the transporter.

The inverse implication is trivial. O

Theorem 60. Suppose that X s a locally free K-scheme and Y 1s a closed subscheme of G.

Then Trang (X,Y) s a closed subscheme.

Proof. Identify the generic element g of the scheme G with its canonical image in G(B ® A).
Take an open covering Spec B, of X such that each By, is a free K-module and denote by h; the
canonical image of w(g,x) in G(Bs, ® A). Thus h;: A — B, ® A as a map. In other words, h;
is the composition of the map w(g,x): A — B ® A with the localization homomorphism A, .
The basis of the K-module B, defines an isomorphism B, ® A = ]_[ A of A-modules. Denote
by hy: A — A the composition of h; with the projection to the ])—?111 component of the direct
product above. As usual, I(Y) denotes the ideal of A that defines the subscheme Y. Let q be
the ideal generated by all images of I(Y) under the maps hy;.

Let a € G(R). By Lemma 59, a € Tran{(X,Y)(R) whenever w(x,a) € Y(B ® R). Since
Spec B, is an open covering of X, this inclusion is equivalent to the inclusions v; € Y(B;, ® R),

where v; is the canonical image of w(x, a) in G(B, ®R). Note that as a map v; is the composition
(A, ®id) o (id® a) ow(x, g) = (id® a) o (A;, ®id) o w(x, g) = (id® a) o hi.
The inclusion v; € Y(B;, ® R) is equivalent to

w(I(V)) =0 — (id®a> (hi<I(Y))> —0 e a<mj(1(v))) ~0
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for all j € J;. Thus a € Trang (X, Y)(R) whenever a(q) = 0, which means that Trang(X,Y) is a
closed subscheme of G defined by the ideal gq. [

Next we prove that under some natural conditions group-theoretic and scheme-theoretic
normalizers coincide. Let Z be a function from the class of rings to the class of sets such that
Z(R) is a subset of G(R). Since an intersection of closed subschemes of G is a closed subscheme,
there exists the smallest subscheme Z of G containing Z (i.e., Z(R) D Z(R) for all rings R). This
subscheme is called the closure of Z in G. In other words, Z is a closed subscheme defined by
the intersection of the kernels of z over all z € Z(R) and all K-algebras R. A function Z is called
dense in G if Z = G. If X is a subfunctor of G and R is a K-algebra, then by the closure of X(R)

in G we mean the closure of the function that equals X(R) at R and the empty set elsewhere.

Proposition 61. Let X be a representable subfunctor of G and let Y be a closed subscheme

of G. If X(R) = Xg(R) s dense in X, then
Tran? (X(R),Y(R)) = Tranl (X, Y)(R).

Proof. Let h € G(R). By Lemma 59, h € Trang (X, Y)(R) whenever w(x,h) € Y(B ® R). Put
u=w(x,h): A— B®R. If g = I(Y), then the inclusion u € Y(B ® R) is equivalent to u(q) = 0.
On the other hand,

h € Trangy, (X(R),Y(R)) & w(a,h) € Y(R) forall a € X(R) &
w(a,h)(q) =0 forall a € X(R) <= (a®id)ou(q) =0 for all a € X(R),

mult

where a ® id is the composition B ® R 284, R @R 2 R. The closure of Xg(R) in Xy is equal
to V(a), where a is the intersection of the kernels of the R-algebra homomorphisms a: B ®
R — R over all @ € Xg(R). The R-algebra homomorphisms a: B ® R — R are in one-to-one
correspondence with the K-algebra homomorphisms a: B — R, namely @ = a ® id. Thus Xi(R)
is dense in Xy if and only if the intersection of the kernels of the homomorphisms a ® id over
all a € X(R) is trivial. It follows that u(q) = 0 if and only if (a®id) ou(q) =0 for all a € X(R),
which completes the proof. O

4.4. Computation of the normalizer. Let H be a closed K-subgroup of G. Suppose that
H itself is a Chevalley-Demazure group scheme with a reduced irreducible root system ¥ and
denote by D its elementary subgroup functor. Suppose also that D(R) is perfect for all K-
algebras R, which amounts to say that W # A; and either ¥ # C, or K has no epimorphisms
onto the field of 2 elements. Let R be a K-algebra. For a functor X on the category of K-algebras
denote by Xy its restriction to the category of R-algebras (of course, Hg and Gy are affine group

schemes over R).
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Let N(R) be the normalizer of D(R) in G(R) and let N(R) be the normalizer of H(R) in
G(R). Put Tran(R) = Trangk)(D(R), H(R)). Clearly, both the normalizers N(R) and N(R) are

contained in Tran(R).
Lemma 62. N(R) = Tran(R) > N(R).

Proof. Let h € Tran(R) and let R’ be a finitely generated Z-subalgebra of R. Then D(R')" <
H(R") for some finitely generated Z-subalgebra R” O R’ of R. By the main theorem of [32]
H(R"”)/D(R") is solvable, hence D(R”) is the largest perfect subgroup of H(R”). Since D(R/)" <
H(R"”) and D(R’)" is perfect, it is contained in D(R”) < D(R). Any ring R is a direct limit of
finitely generated Z-subalgebras, hence D(R)" < D(R), i.e., h € N(R). H

In the next corollary we consider the scheme-theoretic normalizers. For a subfunctor X of G
put Ng(X) = Trang(X, X).

Corollary 63. Ng(D) and Ng(H) are closed in G.

Proof. Let Xy, « € ¥ be root subgroups of H corresponding to a chosen split maximal
torus. Note that by Lemma 62, Ng(D) = Trang(D,H). Then Ng(D) = Trang(D,H) =
Naew Trang (X, H). Since H is a closed subscheme and K[X,] = K[t] is a free K-module, the
assertion about Ng(D) follows from Theorem 60.

The Gauss decomposition in a split reductive group states that there exists an open covering
of H such that each piece is isomorphic (as a scheme) to U x U x T, where U is the unipotent
radical of the Borel subgroup and T is the split torus. Therefore H is locally free and the result

again follows from Theorem 60. O
Lemma 64. Ng(D) = Trang(D,H) = Ng(H).

Proof. The inclusions Ng(D) = Trang(D,H) > Ng(H) follows immediately from Lemma 62
and the definition of scheme-theoretic transporters. Conversely, let R be a K-algebra and h €
Ng(D)(R) = Trang(D,H)(R). Consider the functor D} on the category of R-algebras given by
DR(R’) = D(R’)" with the obvious action on morphisms (we still identify h with its image in
G(R’) under the structure homomorphism R — R’).

Clearly, D} < Hg, hence the closure Dig of D% in Gy is contained in Hg. The conjugation by
h is a scheme automorphism of Gg, therefore Diﬁ = (Dg)". Since the closure of the elementary
subgroup is the whole Chevalley group, Dy = Hg, it follows that (Hg)"™ < Hg, which means that
h € Ng(H)(R). [

In the following statement we verify the density condition of Proposition 61 and establish

the equality of group-theoretic and ring-theoretic normalizers.
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Lemma 65. Suppose that R s an algebra over an infinite field K. Then G.(R) s dence in
G-

Proof. An R-algebra homomorphism R[G,] = R[t] — R is the evaluation homomorphism. A
polynomial p € R[t] lies in the intersection of the kernels of all such homomorphisms whenever
p(r) =0 for all r € R. In particular, p(r;) =0,1=0,...,degp, for deg P + 1 distinct elements
of K. Since the Vandermonde determinant is nonzero, all coefficients p must be zero. Thus the
intersection of the kernels of all R-algebra homomorphisms R[G,] — R is trivial, which means
that the closure of G4(R) is Gg. O

Proposition 66. If K is an infinite field, then
Ng(D)(R) = Trang(D, H)(R) = Ng(H)(R) = N(R) = N(R) = Tran(R).
Proof. The group D(R) is generated by the root subgroups X,(R), « € ¥, therefore,
Tran(R) = () Trang ) (X(X(R),H(R)) and Trang(D,H)(R) = TranG(xa, H)(R).

axe¥ oV

Since X, = G, by Proposition 61 and Lemma 65 we have
Trang g, (X“(R), H(R)) — Trang (xa, H) (R), hence Tran(R) = Trang(D, H)(R).
Then we obtain the following chain of inclusions.
N(R) < Tran(R) = Trang(D, H)(R) = Trang(H, H)(R) < Trang (H(R), H(R)) = N(R).

Thus N(R) = Tran(R) and all other equalities were already proved in Lemmas 62 and 64. O]

4.5. Equality of the transporters and the normalizers. This section is devoted to the

proof of Condition 5 in the settings of Sections §§4.3-4.4.

Theorem 67. Let K is an wnfinite field of characteristic not 2 1f ¥ = A,, By, Ci, F4, G2 and
not 3 if ® = G,. Suppose further that there exists an absolutely irreducible representation
of Hin G, 1. e., a linear representation of G such that the K-submodules KD(K) and KG(K)
of the matriz ring M, (K) are equal. Then Tran(D,N) = N.

Proof. The condition on existence of a representation ensures that the centralizer of D in G
is equal to the center of G and to the center of D. For a K-algebra R denote by D.q(R) the
quotient group of D(R) modulo its center. It is known that the center of D(R) coincides with
the [scheme-theoretic] center of H, therefore D.4(R) is the elementary subgroup of the adjoint
Chevalley group of type V.

Let a € Tran(D,N)(R). Put C = R[H] and let h € H(C) C G(C) be the generic element
of Hg. By Lemma 59, h® € N(C) (as usual, we identify a with its canonical image in G(C)).
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Consider the map 0: N(C) — Aut(D(C)), where N(C) acts on D(C) by conjugation. Since 0(b)
acts identically on the center of D(C), we may consider 0 as an automorphism of D_4(C).

By the classification of automorphisms of an adjoint elementary Chevalley group [12, Theo-
rem 1], 0(h?) = 0(b) -y - ¢, where b € Hoq(C), v is a graph automorphism, and ¢ is induced
by a ring automorphism. Then ¢ =y '0(b~"h%) is an automorphism of the group scheme Hc.
Being induced by a ring automorphism 1: C — C, ¢ acts on a root subgroup X, sending x,(r)
to x4 (P(r)). Since ¢ is a scheme automorphism, 1\ induces an automorphism of the scheme
Gg,c. But a scheme automorphism of G, ¢ preserving the element 1 is identity. Therefore 1
and ¢ are also identical.

Thus 0(b~'h®) =+. The counit map ¢: C — R takes h to the identity element of H(R) (this
is equivalent to the definition of the counit). Both sides of equation 0(b~'h®) = y are natural

transformations D,q — D.g, therefore the diagram
Dad(C) % Dad(R)
y—e(b]h“)l lv—%(e(bﬂ)
D.a(C) —— Daa(R)

commutes, where 0z: N(R) — Aut(Dad(R)) denotes the conjugation by the argument of Oy.
We see that 0(e(b))y acts trivially on D,q(R). This means that y is induced by an inner
automorphism of the root system ¥ and can be substituted by conjugation by an appropriate
element from the Weyl group. Multiplying b by this element we may assume that vy is identity.
Now 0(h%) = 0(b), which means that b="h® acts trivially on D,q(C), hence also on D(C).
It follows that h® = bc for some element ¢ from the center of G(C). Let R’ be an R-algebra.
Sending h to each element from D(R’), we see that D(R’)® < D(R’) - Cent(G(R’)). Finally,

D(R)* = [D(R D(R")] < [D(R') - Cent(G(R")), D(R') - Cent(G(R"))] < D(R'),

which means that a € N(R). ]

4.6. Overgroups of the exterior square of elementary groups. In the rest of the work,
we describe overgroups of the exterior square of the elementary group. Recall that for A’ E,(R)
the net A consists of two ideals Ay and A;. At the same time they are equal in the case n > 6
or n > 4 and the additional condition 3 € R*. We follow these restrictions. To describe the
overgroups, we use the developed theory for the exterior square. In its notation G(®,R) =
GLn(R),D(R) = A’ E,.(R). We study the subgroup lattice £ = L(/\2 E.(R), GLN(R)>.

Observe that for the exterior square almost all conditions of Theorem 58 are obvious or well
known. Now we must only verify the following conditions.

e The normilizer N(_) is a closed subscheme in GLy(_ ); and over a field F this normalizer

N(F) =N (/\2 En(F)) is “closed to be maximal” in GLn(F);
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e The transporter from A’ E,(R) to N (/\2 En(R)) equals N (/\2 En(R)> for any K-algebra R;
e Extract a non-trivial elementary root unipotent in a subgroup that contains the generic
element of GLy and A E,,.

However in §4.4 we proved that if R is an algebra over an infinite field, then N (/\ E.(R )) =
Tran (A’ Ey(R), A'SLn(R)). By Corollary 40, Tran (A E,(R),N(A'E.(R))) = N(A'En(R)).
Moreover, in §2.4 we proved that these normalizers and transporters are equal to A’ GL,(R)
for an arbitrary commutative ring and even n. Thus the second item holds.

In §4.3 we shown that the transporter Tran (/\2 E.(R),\ SLn(R)> is closed because A’ SLi(_)
is a closed subscheme. Indeed, A’SL,(R) = A’ GL,(R) N SLn(R) for any commutative ring R,
and A’ GL,(R) is set by equations via invariant forms or via the Pliicker ideal. Thus N(_) is
closed.

In the paper [16] Bruce Cooperstein proved maximality of the normalizer N(/\2 En(F)) for
finite fields; and for algebraically closed fields, the assertion follows from Chow’s Theorem [15].
For infinite fields, the maximality can be obtained from the works of Franz Timmesfeld, devoted
to the classification of subgroups generated by quadratic unipotent groups [78].

Therefore we must only extract a non-trivial transvection from an intermediate subgroup
generated by the generic element g of the group GLN(R) and by the group A’ E,(K[GLn]).
Further, if the notation of indices I, ] € A’[n] in an elementary transvection t15(&) is ambiguous,

then we use the refined notation ti, i,;,,(&). Let

g :=t312(&)t02(82) - thon12(En3) thima2(En2),

e., g is a matrix that differs from the identity matrix only in (n — 2) positions in the first
column.

The extraction follows in the standard way. For the exterior square in §3.1 we constructed
the transvection T, ;(w) = H /\ztsyj (sgn(s,j)ws;), which stabilizes an arbitrary column of a matrix
from GLy(R). Now, using Sez?aplropria‘lze non-trivial T, ;, we stabilize the first n —2 columns of the
matrix g. Thus the obtained matrix belongs to the parabolic subgroup Pjy, where k =n — 1.
Further, we consider the commutator of the obtained matrix with an exterior transvection from
the uniponent radical Uy, of the parabolic subgroup Pyy. Then this commutator belongs to Uy,.

If the commutator is not an elementary transvection, it is necessary to consider several other

commutators with appropriate exterior transvections from Ujy.

Lemma 68. Put h:=ty;n(&1) ... ta 1ni(&n2) € N En(R), where 2<1<n—1. Then

[hy Ter (b )] =tz (& &) -t (=& 2&1).
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Proof. We prove the statement by induction on the group dimension n. If n =4, then

[h, T s(hy 1)) = [y tig s (=&t 3a (=& )t p3(E2)] = o303 (—E&7 ) taa13(—E2&1) for 1 =2;
[h, Tea(hy 13)] = [hy tiza(—&2)] = taza (=&, £2)t3a04(—E3) for 1= 3.

Now let h = to31(&1) - - - tani111(En1) € A"Eni1(R). Then
[h, T*,1+1 (hi,n)] = [z tn,nH;H(&n—] )»T*,LH (hi,u)]a

where z = ty311(&1) ... thoinn(&n—2). Using the formula [ab,c] = ¢[b,c] - [a, c], we get

Z[tn,n-i-];]l(an—l )) T*,l—H (hi,n)] : [Z) T*,H—] (hi’n)] .

By the inductive assumption the second factor equals t23.11+1(—&1& 1) « -ttt (—En—2&11).
F‘urther, nOte that T* S (h:‘ ”) == /\Ztlypr] (h{,l+];1l)/\2tl+2,l+] (_h.lJr])lJrz;”) fOI 2 \ < n — ]
and T,nyi(hyq,) = Ntoni (Ninsran) for L = n. But Nty (—hi}11121) commutes with

tn,n+1;ll(‘in71)- Thus
[tn,n+1;1l(‘in71 )) T*,lJr] (hi,]l)] = [tn,nJr];]l(anf] )) /\Ztl,l+1 (hl,,lJr];]l)]

for any 2 < 1 < n. Therefore,

[tn,n-i-];]l(‘t—yn—l )) /\Ztl,l-H (h{,H-];]l)] - [tmn-i-];]l(‘(—,n—] )) t]l;l,l—H (_Evl—1 )] = tn,n+l;1,l+1 (_‘(—vn—1 Ev].—] )

To conclude the proof, it remains to observe that the matrix z commutes with the obtained

transvection. O

Proposition 69. In the subgroup H generated by g and N\’ E,(K[GLy]), there exists a non-

trivial matriz from Pyy.

Proof. Let g =t2312(&1) ... thoini2(&n—2) € H < GLN(R). Then, using Lemma 68, we get

[gyT*,“%(gi)]z), T*,4(9,i,13)) ) T*,n(giJk)] = t3an(p1) ... th n]n(Pn 2) € H,

where pi1y...,Pn2 € Zl[&,...,&n 2] are monomials with coefficients +£1. Thus we obtain a

non-trivial matrix from Pyy. [l

Proposition 70. If in the subgroup H there exists a non-trivial matriz from Py, then there

exists a non-trivial elementary transvection.

Proof. Let h := tn(p1) ... theinin(pn_z) € Pix be the matrix from the previous proposition.

Consider the commutator h with the exterior transvection A’ tin(C) € Uj. Then

[h> /\Zthn((,)] - [tn—1,n;1n(pn—2))t],n—];n—],n(_C)] - t],n—]ﬂn(_cpn—Z) S u]k)
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where —(p,_, is a monomial of the form +(&}'...& 5. O

Therefore the third item also holds, we can apply the Theorem 58. to conclude that the
subgroup lattice £ = L(/\2 E.(R), GLN(R)) is standard.
By summarizing the above, we get the standard description of overgroups for the exterior

square of the elementary group.

Theorem 71. Let R be a commutative ring with 1 and tnvertible 2. Let also either n > 6,
orn >4 and 3 € R*. Then for any overgroup H of the exterior square of the elementary

group N'E,(R) there ezxists a unique mazimal ideal A of the ring R such that
N En(R) - En(R,A) < H < Nepyr) (A En(R) - By (R, A)).

Besides, Theorem 16 gives an alternative description of the normalizer, namely it equals the

corresponding congruence subgroup of level A:

Naryw (N Ea(R) - Ex(R,A)) = p,' (N GLa(R/A)).
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CONCLUSION

Let us list the main results of the thesis that are presented to defense.

(1)

(4)

Theorems 27 and 38 describes the exterior power of the general linear group over arbi-
trary rings as the stabilizer group of a single or several invariant forms. Thus the scheme
A" GL,(_) can be viewed from several perspectives. Namely to use the stabilizer of the
Pliicker ideal (previously known method) or to use invariant forms or equations based on
these forms.

Theorem 43 proves the standard decomposition of uniponetns for the exterior powers of
the general linear group, whereas for the exterior squares Theorem 53 also proves one of
variations of this method — “reverse decomposition of unipotents”.

Theorem 58 shows that under some conditions on a Chevalley group G and its subgroup
D, the subgroup lattice L(D(R), G(R)) is standard for arbitrary commutative rings R.
Theorem 71 asserts that the standard description of overgroups for the exterior square

of the elementary group holds under some conditions on the dimension of the group.

The author sees further possible directions of research as follows. To apply the technique

developed in the thesis to other irreducible representations of the elementary group, for instance,

for the symmetric power. Also, to use the new method of description of overgroups for tensor

powers and tensor products of elementary groups.
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